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What is a proof?
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A proof is...

@ A sequence of instructions
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@ A strategy to win an argumentation
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A proof is...

@ A sequence of instructions
@ A strategy to win an argumentation

@ The sound relations between the components of a statement
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When two proofs are the same?
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Pythagorean theorem

There are many different proofs of the Pythagorean theorem
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Why should we care about?
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Definition
Proof theory is the branch of mathematical logic that studies proofs as
formal mathematical objects.
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The 24th Hilbert problem’:

Criteria of simplicity, or proof of the greatest simplicity of certain proofs. [...]

"Found on notes discovered by Thiele in 2000
9/37



The 24th Hilbert problem’:

Criteria of simplicity, or proof of the greatest simplicity of certain proofs. [...]
Under a given set of conditions there can be but one simplest proof. [...]

"Found on notes discovered by Thiele in 2000
9/37



The 24th Hilbert problem’:

Criteria of simplicity, or proof of the greatest simplicity of certain proofs. [...]
Under a given set of conditions there can be but one simplest proof. [...]

Quite generally, if there are two proofs for a theorem, you must keep going until
you have derived each from the other, or until it becomes quite evident what
variant conditions (and aids) have been used in the two proofs. [...]

"Found on notes discovered by Thiele in 2000
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Why (also) computer scientists should care about it?
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“[God] caused a tumult among them, by producing in them diverse
languages, and causing that, through the multitude of those languages,
they should not be able to understand one another.”

(Flavius Josephus, Antiquities of the Jews, c. 94 CE)
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“[God] caused a tumult among them, by producing in them diverse
languages, and causing that, through the multitude of those languages,
they should not be able to understand one another.”

(Flavius Josephus, Antiquities of the Jews, c. 94 CE)
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Proof equivalence as blueprint for program equivalence:

VILLUM FONDEN
“X-IDF: Explainable Internet Data Flows”
Logic Programming:
@ a proof system (set of rules) is a program
@ a proof is a possible execution of the program

Proof equivalence can be read as execution equivalences (via
bisimulations)
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Two Approaches to Proof Equivalence

13/37



@ Normalization: 7y =1, < I st. 1w Aandm, » 7

e Normalization may forget information (see classical logic)
o Close to denotational semantics/categorical semantics/game
semantics approaches

@ Generality: 1) = 1, & [n] = [72]

e two proofs are equivalent if we can associate both a same
mathematical object

o No normalization is involved: two programs computing a same function
can still be different
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Equivalence via rule permutations
(Sequent Calculi)

15/37



; Iy, A, Az T3,/
1, A I5,13,A2,%
T, 05T 5,%

P2

AL A
T
rx,m

AL Ay T, Az
[,1,A1L
ERTR

P2

I, Ap Ty, A A
I, 2,As, . I';,A
s A4
Mo, 5 2
AL A
TALs
e,z
ILALA,
Lo oA

Mlo5,s, 2

16/37



We consider some derivations to be the same proof:

— AX — AX

a,a b,
a,a®b,b ®© c,C d,d
a® (@®b),b c,c®d,d
a®@®b),b®c,dc®d
a®@®b),b®c)¥d,c®d
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We consider some derivations to be the same proof:

AX — AX
a,a b,b
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Sequences are... sequential (no space for parallelism)

— AX — AX
a,a b,b

———® —AX —AX
a,a® b,b ¢, ¢ d,d
a?¥(a®b),b cc®dd ®
aB@®bb®cdc®d
aB @b, (bRc)Bd,cQd

— AX —AX

b,b c,c AX
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From Rule Permutations to Generality
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— ax — ax

a,a b.
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b,b® c,c®d,d
— ax —_—
a,a bRc)B®d,c®d
a,a®b,(b @ c) R d,c®d ®

a7?(&®l7),(b®¢')7?d,6®&’7?

®

20/37



~~ ax r~ ax

a,a b,b
—® ~ ax — ax
a,a®b,b ¢, ¢ d,d
— 7 - ®
a%(@ ® b), b c,eQd,d

a? (a® b),bQc,d,c®d
a®@®b),(bRc)Wd,c®d

)

= ax ax

,b
_ —
b,bQ®c, ¢ ® d,d a

b,b® c,c®d.d
— ax P ——
a,a bRc)B®d,c®d

a,a®b,(b @ c) ¥ d,c®d »
aB@QRb),h®c)Bd,c®d

=
I}

Ne

®

®

20/37



 ax r—~ ax
a,a, b.b
Q 7 ax — ax
a,a®b, b T d,d
¥ = / ®
a%¥(a @ b),b c,cQHd
. [ eyt

)\7? @® E),b?éc,im 5

a® @b, bR®c)Nd, c®d

1,a®b, (b ® ) B H,

\

a®@®b), b®c)Rd, c®d

20/37



/Xy

~

N
| e
73
a®@®b), bQc)%d, c®d

This is an MLL-proof net [Gir87]
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Bad news and Good news
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Bad News

Problem: no proof nets* for extensions of MLL [Hei&Hou14]

— axX —aX ——aX — ax
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Bad News

Problem: no proof nets* for extensions of MLL [Hei&Hou14]
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Bad News

Problem: no proof nets* for extensions of MLL [Hei&Hou14]
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Bad News

Problem: no proof nets* for extensions of MLL [Hei&Hou14]

—ax
a, a

— 1l —=ax
a,a, L b,b

a,a®b,b, L

R ONIRC
J_a@b

Il
®

a @ b J_

* proof equivalence is P-space BUT translation and check are P-time

This is not a limit of THIS syntax, but it depends on the logic!
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Good News

Combinatorial Proofs for various logics
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Combinatorial Proofs and Proof Equivalence
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Combinatorial Proofs for Classical Logic [Hughes 2006]
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Combinatorial Proofs for Classical Logic [Hughes 2006]

e o cographs = formulas
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Combinatorial Proofs for Classical Logic [Hughes 2006]

RB-cographs = linear proofs
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Combinatorial Proofs for Classical Logic [Hughes 2006]

skew fibration = resource management

Q
Q %
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Combinatorial Proofs for Classical Logic [Hughes 2006]

@ Rule-free representation of proofs

@ Canonical representation for (cut-free) proofs

@ Topological characterization of “graphs representing proofs”
@ Proof System (Cook-Reckhow)

@ Polynomial translations
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Combinatorial Proofs for Classical Logic [Hughes 2006]
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e deep inference [StraBburger 2017]

e tableaux and resolution [Acclavio & StraBburger 2018]



Following the generality principle:

Two proofs are the same
iff
they can be represented by the same combinatorial proof
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Following the generality principle:

Two proofs are the same
iff
they can be represented by the same combinatorial proof

What can we handle in this way?
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Relevant and Affine Logics?®

@ Relevant Logic = LK without weakening
@ Affine Logic = LK without contraction

{w,m}:Inj (hamoscl) - {wl,m, cl}: SkFib
(Prop. 7:2) T brop 5:4)

{wl,cl}: SkFib
(Prop. 5.4)

(wb,sel

{wl.acl}: FSKFib
Prop. 7.1)

{wl) :Finj st}
(Prop. 7.1) {wbsoct)
{swl,m} {owdm,scl} {omt,m.cl}
{swl,scl} :Fib) {owl, cl}: WFib
(Prop. 87) (Peop.5.16)
{swl}:FIFib __ {swl,sacl}:FFib___ {swl,acl}:FWFib
(Prop. 8.8) (Prop. 8.10) (Prop. 8.17)
m}: Bij -
& et
1 -
{scl}:SFib {cl}: SWFib
(Prop. 8.9) (Prop. 8.14)
{=}:1s0 {sacl}:FSFib __{acl}:FSur = FSWFib
(Prop. 66) (Prop. 8.11) (Prop. 74,8.15)

*figure from Ralph and StraBburger paper

2Ralph & StraBburger Tablueaux2019; Acclavio & StraBburger Wollic2019
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Relevant and Affine Logics?®

@ Relevant Logic = LK without weakening
@ Affine Logic = LK without contraction

{wl,m}:lnj _ P— {wl,m,cl}: SkFib
(Prop. 7.2) , (Prop.5.4)

(b sel) -

{wl,cl}: SkFib
(Peop. 5.4)

Prop.

{wd) :Finj (st} {wl,acl} : FSkFib
(Prop. 7.1) (Prop. 7.7)
{swl,m} {owdm,scl} {omt,m.cl}
{swl. scl} :Fib {owl, cl}: WFib
(Prop. 87) (Frop. 8.16)
{swl}:FIFib __ {swl,sacl}:FFib___ {swl,acl}:FWFib
(Prop. 8.8) (Prop. 8.10) (Prop.8.17)
m}:Bi m.cl}:Sur
Fide ] n3) s
{scl}:SFib {cl}: SWFib
(Frop. 59) (Frop. 8.14)

{=}:1s0 {sacl}:FSFib __ {acl}:FS
(Peop. 66) (Prop. 8.11) (Prop.

*figure from Ralph and StraBburger paper

@ Entailment Logic ~ Relevant + non associative connectives

2Ralph & StraBburger Tablueaux2019; Acclavio & StraBburger Wollic2019
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Modal Logic S4°

Modal Formulas
A B=a|a|ANB|AVB|OA| QA

Sequent Calculus Rules

AT AT CI[A] C[OQA]
LKU{ K , D , N y A
OA, oT QA, OT C[CA] C[CA]
O L}
\%o
((<><Y>Zzy vob) A Ea; \% 40, Zf

3Acclavio & StraBburger Tabuleaux2019
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Multiplicative Linear Logic with Exponentials*

I W WY vy ¥ W
(b b) ® @ ¢ kel la) & a®a) & a

4Acclavio TLLA2020
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First Order Classical Logic °

Formulas
t= c|f(t,...,ty)
a= p(ty,....ty) | p(t1,...,t)
A,B= a|AANB|AVB|VxA|3dxA
I',Alx/t] I,A
Rules LK U ij— , Vv Xnottreein I
I',dx.A I',Vx.A
° °
° o\o
Axp(x)Vyp(y)

SHughes 2019; Hughes & StraBburger & Wu LICS2021
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Intuitionistic Logic®

Formulas
A B:=a|AANB|ADB

Sequent Calculus Rules

ILBrA R IB,C+A L I'tA A+B R I'rA AB+C

ax ) A A ot
atra I'tBD>A ILBACFKFA I A+AAB I ANALADB+C

| I''B,BrA T'rA
A1 I''BrA IBrA
b-====5p az==——">q
b-—====p e 7

v

@ > b 5 d > @A a)

8Heijltjes, Hughes & StraBburger LICS2019
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Constructive Modal Logic’

Modal Formulas
AB=a|AANB|ADB|OA|OCA |1
Additional Sequent Calculus Rules

T'rA B,T+HA B,T+HA
Kg Ko
ol + DA OB, Ol + CA ol + CA

b=—"=sb az= “sa

Ny
O % >0

0 b 5> b )> ¢ a Yoo (ana)

"Acclavio & StraBburger 2022
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Comparing Proof Equivalences
(Case Study: Constructive Modal Logic)
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Independent _
rules -
[LAABBFC ILAABBFC
2xC 2x AL
ABrC | = NLAABAABFC =
Pl DO
Resource TLAABFC LAABFC
Management IAJAvB
—C
ILA+B = DAAFB = [AFB
LAAFB
ArC ABELC A ABB+-C |
- . .B.B+ 3!
Excising ——w ArC uhilh iy o A T,AASBBrC
and FFA BAFC | = =—————=W reA ABrC | = [ —————
Unfoldin, — 2 TLAADB+C —— D I'TLAAASBADB+C
g ILALADBrC ILADBFrC _—
ILAASBFC
T+A w TrA I'.B.B+A T.B.B+A
IBrA o OFFDA I.B+A =oc OFLOB.OBFOA
of,oBroA or,o0B + 0A or,oBroA ol,oB + oA
Structural vs K
ILBrA T.BrA IB,.C.C+A IB,.C.C+A
K, T _OTOBroA ° T.B.CrA =oc  OF,0B,0C,0CO+ OA
Or. B.OC.FOA or, oB,0C + 0A o, oB,aCF oA ar, 0B,0C + 0A
A A
—_ T w 0
I.BrA B rcea
OroBroA o " Ol oCroA
ar, 0B, oC + OA or, 0B, oC + 0A

=cp := (EU=cU =) = (Scp U =y) Swis := (EaU=oe)  =ow = (Ewis U =nc)

No possible proof systems capturing the whole proof equivalence
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Related works
Work in Progress
Future works
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Related works/Works in Progress:

@ Compositionality for Combinatorial proofs

o Classical [Hug06,Str17,0mi&Str22]
o Linear [Acc20]
o Intuitionistic [Hei&Hug&Str22]

@ Combinatorial Proofs as proof certificates
(theorem provers interoperability)

@ Combinatorial Proofs for Higher-Order logics
@ Combinatorial Proofs with Fixed-points

@ Combinatorial Proofs and Game Semantics
[Hei&Hug&Str19,Acc&Cat&Str21]
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Thanks



Thanks

Questions?
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