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—— Abstract

In this paper, we establish the foundations of a novel logical framework for the m-calculus, based on
the deduction-as-computation paradigm. Following the standard proof-theoretic interpretation of
logic programming, we represent processes as formulas, and we interpret proofs as computations.
For this purpose, we define a cut-free sequent calculus for an extension of first-order multiplicative
and additive linear logic. This extension includes a non-commutative and non-associative connective
to faithfully model the prefix operator, and nominal quantifiers to represent name restriction. Finally,
we design proof nets providing canonical representatives of derivations up to local rule permutations.
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1 Introduction

Formal reasoning about the properties of concurrent program executions is significantly more
complex than analyzing sequential programs. The main challenge in the concurrent setting
arises from the lack of formalisms for efficient representations of the set of traces of a program
in the presence of interleaving concurrency, where the mutual order of certain tasks of a
program is irrelevant. This is due to the inherent limitations of languages commonly used to
represent trace reasoning, including natural language, where it can be impossible to describe
a set of events arranged in complex patterns in a canonical way, other than by inefliciently
listing all possible total orders. A language for optimizing the trace analysis of concurrent
programs should:

1. ignore irrelevant differences, such as the mutual order of independent events;

2. group traces that differ only in branching caused by internal choices within the program;

3. distinguish sets of tracesthat differ due to factors beyond the control of the program, such
as race conditions and side effects.

In this work, we propose a logical framework based on the deduction-as-computation inter-
pretation of proofs for the m-calculus, providing a formalism satisfying these three desiderata.

An approach inspired by logic programming. In the logic programming paradigm,
programs are interpreted as sets of formulas, and computation is performed by applying
methods (or rules) to these formulas. In [60] Miller et al illustrate how a deduction-as-
computation interpretation of proof search in the sequent calculus allows to account for
program executions: sequents correspond to snapshots of the state of the system, and sequent
rules can be interpreted as methods executing the instructions encoded by logical connectives.
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In the setting of deduction-as-computation, two forms of non-determinism appear in
program executions that are not observable in other frameworks': the don’t care non-
determinism, depending on the possibility of applying rules to independent sets of formulas,
and the don’t know non-determinism, that arises from the possibility of applying (potentially
different) rules to overlapping subsets of formulas. In the proof-search interpretation of
program execution, differences in derivations caused by don’t care non-determinism are
considered irrelevant, at the point that two proofs which can be transformed into one
another through rule permutation (i.e., by exchanging the order of rules operating on disjoint
sub-sequents) are usually identified.

This work aims to apply results in the study of proof equivalence [47, 46, 48, 77] in the
framework of deduction-as-computation to provide canonical representations of sets of traces.
In particular, we develop a syntax based on results about canonical representation of proofs
to uniquely model a set of traces differing in the order of independent events, in compliance
with desiderata 1. We focus on a deduction-as-computation interpretation of proof nets
rather than sequent calculus derivation.

Why proof nets? Various works [14, 13, 7] have already highlighted the benefits of this
approach where the syntax captures interleaving concurrency by default. Proof nets were
introduced as a graphical formalism for linear logic proofs [33]. They abstract away irrelevant
information contained in sequent calculus derivations, such as mutual order of independent
inference rules. This syntax allows for an optimal level of abstraction for the multiplicative
fragment of linear logic (MLL), providing canonical representatives for proofs with respect to
independent rule permutations, a polynomial proof translation, and a geometrical correctness
criterion allowing to check in polynomial time if a graph is the encoding of a proof (making
proof nets for MLL a proof system in the sense of [24]). However, the definition of proof nets
for extensions of MLL requires trade-offs between canonicity, the efficiency of correctness
criterion and the efficiency of normalization procedure (see [38] for MLL with units, [50, 48]
for multiplicative-additive linear logic (MALL) and [2] for multiplicative-exponential linear
logic).

To provide an intuition of our approach, we show for the process P in Equation (1) how
we can annotate information about communications (and selections) performed during all
the possible executions of P while ignoring inessential details such as the specific order of
independent transitions.

b
I
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l [ < 1
Note that the only (don’t know) non-determinism during executions of P is caused by an

internal choice: the branching due to the choice of a label in L = {¢1,{>}. Thus, we have a
unique proof net according to the desiderata 1 and 2. In this representation the set of links
{t1,b} and {{5, c} are mutually exclusive — in the terminology of event structures [81], we
would say they are in conflict relation.

At the same time, our syntax still allows us to distinguish the two distinct executions of
the process in Equation (2), as specified by desideratum 3, which are determined by a race
condition on x enforcing a (don’t know) non-deterministic choice during the execution.

——a——

(vx)(x!(a). by | x20y) | x?(z)) and (vx)(x!(a). by | x20) | x?(z)) 2)

 p— 1 L p—

1 In particular, within the proofs-as-processes setting that arises from the Curry-Howard isomorphism,
the non-determinism resulting from an internal choice is not observable in the computations of typed
processes, as the type of a process predetermines the choice.
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Figure 1 A derivation of the formula [P] corresponding to computation tree in the right of
Figure 4, and the corresponding proof net.

Contributions of the Paper. We develop a new logical framework (PiL) based on
an extension of first-order multiplicative and additive linear logic (MALL') with a non-
commutative non-associative connective and nominal quantifiers, to provide logical operators
that faithfully model the high-level search instruction corresponding to the prefix composition
and restriction in the m-calculus. We define a cut-free sequent calculus in which computation
trees of a process can be interpreted as derivations of the corresponding formula. We also
define proof nets for PiL by combining the techniques used in conflict nets [38] and in
unification nets [49, 39]. As a byproduct, we also define the first syntax of conflict nets for
MALL!. By combining the correspondence between computation trees and derivations, and
between derivations modulo local rule permutations and proof nets, we provide canonical
representatives of computation trees modulo interleaving.

Related Works. Following the ideas in [60], Miller proposed in [59] a theory within
linear logic allowing to interpret the reduction semantics of the m-calculus as implication
in the theory, where parallel is internalized by the % and the choice operator + in the
original formulation of the m-calculus [64] by the @. Guglielmi developed an extension
of multiplicative linear logic with a non-commutative connective aiming at internalizing
sequentiality in [35, 36], lately leading to the design deep inference and the formalism of
the calculus of structures [37] to obtain a satisfactory proof system for the logic BV. In
[21] Bruscoli established a computation-as-deduction for a simple fragment of CCS (without
recursion and choice) where successful terminating executions of a process correspond to
specific derivations in BV. This correspondence has been extended to the m-calculus by
Horne, Tiu et al [43, 42, 45], including the choice operator (+), modeled via the additive
connective @, and name restriction, modeled using nominal quantifiers in the spirit of [68, 30].
We highlight here the main differences of our approach with respect to the aforementioned
works:

we use a non-associative non-commutative self-dual connective « (instead of the non-

commutative but associative < in BV). This choice allows for a cut-free sequent calculus

for PiL, while no sequent calculus for BV or any of its extension can exist [78];

as Horne and Tiu in [43, 42, 45], we use a pair of dual nominal quantifiers (instead

of a self-dual quantifier as in [58, 73, 62]) to model restriction. This because the use

of a self-dual nominal quantifier would allow to encode processes with complete differ-
ent computational property like (vx) (x!{a).Nil | y?(a).Nil) (which is deadlock-free) and

(vx) (y?(a).Nil) | (vx) (x!{a).Nil) (which is stuck) with logically equivalent formulas. How-

ever, as explained in detail in Remark 9 and in Appendix A, our pair of dual quantifiers

XX:3



XX:4

Proof Nets for the n-Calculus

satisfies different proof theoretical properties;

in [44, 45] Horne et al use the original version of the m-calculus [64] which feature a choice
operator + with an undesirable “non-local” behavior, which requires to forwardly check
that it will entail a communication rule?. Its rule is written as follows

+:A+B —> A only if A —» A’

That is, the choice operator + is not complitely free to choose between A and B, but it is
constrained by the possibility of performing an action after such a choice. That is, if A
cannot perform any action, then the choice A + B cannot reduce to A. For example, even
if one would expect that the process P + Nil could choose to continue as Nil, this is not
allowed by the semantics since the choice is constrained by the possibility of performing
an action after a choice, and Nil can perform no actions.

A logical connective modeling such a choice operator should have a rule capable of spotting
(within a given context) the sub-formulas on which some rules can be applied. Such a
behavior, to the best of our knowledge, has never been studied in the literature of proof
theory. For this reason, we consider the version of the n-calculus from [80, 32] in which
the two choice operators play different roles: the label-send x <{€ : Pr},¢;, allows a process
to choose its continuation independently of the environment (which we model with the
additive conjunction &, whose rule branches a derivation duplicating the context), while
the label-receive x > {€ : Pp},ep, allows a process to choose according to the environment
(which we model with the additive disjunction &, whose rule is applied according to the
context’s need). This latter version of the m-calculus is the one used in the literature of
session types [80, 32, 41] and choreographic programming [65].3

in the work of Bruscoli [21], and in the works of Horne and Tiu [45, 42] derivations
correspond to executions, while in our work derivations represent computation trees.
However, if we restrict the label-send constructor x <{¢ : P¢},.; on singleton sets of labels
(or equivalently pruning all branching except one of each &-rule), we can recover such a
correspondence between derivations and executions.

Structure of the paper. In Section 2 we recall standard definitions for sequent
systems and syntax and semantics of the n-calculus. In Section 3 we present formulas and
sequent systems, explaining the design choices we made in the opeartors of the logic PilL.
In Section 4 we study their proof theoretical properties of our system, including relevant
formula equivalences and cut-elimination. In Section 5 we present the syntax of proof nets for
PiL, providing translations from derivations to proof nets, and from proof nets to derivations
(sequentialization). In Section 6 we prove canonicity for our proof nets with respect to
local rule permutations. In Section 7 we show how formulas in PiL can be used to encode
processes of the m-calculus, and how computation trees of a process P can be represented by
derivations of the corresponding formula. Thereby, we show that equivalent computation
trees (modulo interleaving) can be represented by the same proof net. We conclude in
Section 8 by discussing extensions of this framework and its possible applications.

2 This is not a problem in their setting because they are interested in establishing a correspondence
between terminating executions only (i.e., reducing to Nil) and proofs.

3 Applications of the logical framework we develop, as well as connections with session types and
choreographic programming are presented in [8].
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Processes Structural Equivalence
P,Q,R = Nil nil P=pP®
| xiy).P send (y on x) P|lQ=Q|P
| x?(y).P receive (y on x) (PIQ)IR=P|(Q|R)
| PO parallel (vx)(vy)P = (vy)(vx)P
| (vx)P restriction (or nu) P|Nil=P
| x<{€: Pr}eer |label-send (on x) (vx)S=S
| x> {€: Pr}eer | label-receive (on x) (vx)P|S=(vx)(P]|S)
with x,y € N and L ¢ L. The constructors binding variables P® a-equivalent to P
are (vx)P binding x in P, and x?(y).P binding y in P only x is not a name occurring free in §

Reduction Semantics

Com: xl{a).P | x?(b).Q — P | Qla/b] Res: (vx)P — (vx)P’ if P— P’
Bra: x<{t’:P;}feL—>x<{é’k:P;k} if g €L Par: P|Q—>P |Q if P> P
Sel: x<{¢: Py} 1 x>{€: Qc}per = Pe, | Qe if ¢ e L | Struc: P—Q if P=P Q' =0

Figure 2 Syntax for processes, the relations generating the structural equivalence (=), and the
reduction semantics of the n-calculus. The a-equivalence is defined in the usual way (see Appendix).

2  Preliminary Notions

We assume the reader to be familiar with the notion of trees and of formula tree, as well as

with the syntax of sequent calculus (see, e.g., [79]), but we recall here the main definitions.

We may identify formulas with their formula-trees and we consider sequents as forests made

S+In S+Ih StIy

, r ,0rr
S+t S+T S+T
sequent I' is called conclusion and the sequents above the line premises. An occurrence of

of formula-trees.* of formulas in a given grammar.

A sequent rule r is an expression of the form r The

formula in the conclusion (resp. in a premise) of a rule but in none of its premises (resp. not
in its conclusion) is said principal (resp. active). A sequent system X is a set of sequent
rules.

A derivation in X is a non-empty tree D of sequents, whose root is called conclusion,
such that each sequent in D is the conclusion of a rule in X, whose children are (all and
only) the premises of the rule. An open premises is a derivation whose leaves may be
the conclusion of no rules, in which case are called open premises. We may denote a

derivation (resp. an open derivation with an open premise A) D with conclusion I" by é)]l r
SFA
resp. Dl|
S+T

2.1 m-Calculus

We consider the version of n-calculus presented in [80, 32], whose processes are generated
from a countable set of (channel) names N = {x,y,...} and (disjoint) finite set of labels
L grammar in Figure 2. In the same figure, we recall the definition of the structural
equivalence (=), as well as the reduction semantics. We write P # Q if P = Q does not
hold. We may denote by N[P] a process of the form (vx1)--- (vx,)(P | Q) for some names

4 Said differently, a sequent is a set of occurrences of formulas. Note that defining a sequent as a multiset
of formulas would require the introduction of additional structure to pinpoint on which occurrences of
formulas rules are applied, making way more cumbersome the definition of proof nets (Section 5) and
preventing the confluence of cut-elimination due to the impossibility of distinguishing which occurrence
of formula is active for a cut.

XX:5
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Figure 3 Generators of the computation tree equivalence with @, 8 € {Com, Sel} and y;,¢; € {Bra},
where {P1,..., Py} (resp. {Q1,...,Qn}) is the set of all processes such that P — P; (resp. 0 — Q;)
via Bra.

X1,...x, and a process Q, and write a instead of a.Nil if a € {x!{y),x7(y)}. We denote by —»
the transitive closure of —.

A process P is stuck if P # Nil and there is no P’ such that P — P’. A process P is
called deadlock-free if P is not stuck and there is no stuck process P’ such that P -» P’. A
process P is race-free if there is no P’ such that P -» P’ for a P’ structurally equivalent to
one of the following processes:

NIGNy).R | x(z).Q | §)] NI(x<{Pe}rer | x <{Pe}rer | S)]

NIG?().R | x2(2).0 | 9)] NIGeo {Pedoer, | xv (Pedrers | S)] ®)

A computation trees of a process P is a trees of processes with root P, where a process
Q’ is a child of Q if 0 — Q’, and such that branching is determined by the intrinsic non-
determinism of the reduction rule Bra, that is, if two processes Q1 and Qs are children of a
same process Q, then O — Q1 and Q — Q5 via Bra applied to the same minimal (w.r.t. term
inclusion) sub-process of Q. We may label the edges of a computation tree with the unique
reduction rule in {Com, Bra, Sel} required to reduce the term P to Q.> The interleaving
equivalence relation (~) on computation trees is defined by the relations in Figure 3. See
Figure 4 for an example of two computation trees equivalent modulo interleaving.

3 A New Logical Framework for the n-calculus

In this section we construct proof systems extending first-order multiplicative additive linear
logic (or MALLl) with new operators allowing us to fitfully capture the behavior of term
constructors for processes of the n-calculus w.r.t. the reduction semantics.

For this purpose, we enrich the language of MALL! with a non-commutative connective
<« designed to capture the logical properties of the (non-commutative) prefix operator used
in the n-calculus [64] (but also in CCS [63]). Even if it would be desirable to require « to be

5 The reduction rules Res, Par and Struc are not “meaningful” with respect to the computation, and even
if a transition step may require multiple instances of these rules to deal with the bureaucracy of the
syntax and the structural congruence, only a single instance of a rule in {Com, Bra, Sel} is required
to perform a reduction step. For a formal definition of the labelling of the computation tree, see the
definition of core-reduction in [8].
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Com C m
VX)(X7(17) | x!(b)) V\)(a'<\> [a?(y))

(0)(x2(b) | 2D))) [(w)(x*(c) | xe))
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Sel

Com r ra

Com Sel

(00K 1@ 101) (0O | y2(a) | 02)

(vx)(Q)

(004 1@ | ) () @) [y2(@) | 0))

where Q1 =x<{f1 : x7(b)} | x> {[1 1 x{b), by :x?(c)} and Qo =x<{lz : xl{c)} | x> {€1 : x(b), by :x?(c)}

Figure 4 Two equivalent computation trees of the process P from Equation (1).

Formulas De Morgan Laws a-equivalence
A,B=o unit (atom)
| (xly) atom iea
| (x?y) atom ot = o . _' )
| ANB par (At = A if a € {o, (xly), (x7y)}
| AQ B tensor Eyyt = (x?y)
A A2=B1 OB
| A<«B prec (A®B)* = AteB* lejij—];o 2
| A®@B oplus (A<4B)*t = A' <« B and@e{%:;@ea&}
| A& B with (AeB)* = AL &B* T
| Vx.A  for all (Vx.A)* = dx.A*
Ox.A=0y.Aly/x]
. Lo_ 1
: IH/I))CCIZ i};;s]tb (AxX-A" = AX.A y fresh for Aand O € {U1, 51, V, 3}
| dx.A  ya

Figure 5 Formulas (with x,y € V), and their syntactic equivalences.

associative, to capture the associativity of sequential composition of processes, we instead let
<« being non-associative to reflect the fact that the prefix operator only allows prefixing a
single atomic action at a time, and thus it does not model sequential composition because
unable to compose sequentially non-atomic processes.

To capture restriction, following the spirit of the nominal quantifiers as introduced in
[30], we use the nominal quantifier I1 allowing variable binding, but allowing us to use the
existential (and universal) quantifiers in the standard way.

» Remark 1. In our processes-as-formulas translation (see Section 7), we use the existential
quantifiers to bind variables used as input of a communication to capture name passing, and
the nominal quantifier I to model restriction. As already explained in [62], the universal
quantifier cannot not be used to satisfactorily model restriction. For an example, consider
the processes Q = (vx)(vy)(Nil'{x).a | Nil?(y).a) and R = (vz)(Nil!{(z).a | Nil?(z).a). If we
encode restriction by universal quanfitication, then any property for Q should also be valid
for R, because Vx.Vy.P(x,y) entails Vz.P(z, 2).

Moreover, if universal quantification would be used to model restriction, it would clash
with the use of the existential quantifier to model name passing because of the duality
between these two quantifiers.
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» Remark 2. In our work, we do not consider a self-dual nominal quantifier as the one

studied in [62, 23, 73], but we rather introduce a dual quantifier similarly to what is done in

[43, 42, 45], where such a design choice is justified in view of the semantics of the z-calculus.
In [45] the authors list the three following logical properties a nominal quantifier O

modeling the binder should satisfy:

1. equivariance, Ox.0y.A and Dy.Ox.A should be logically equivalent;

2. non-diagonality: the formula Ox.0y.A(x,y) should not imply 0z.A(z,z) or vice versa;

3. scope estrusion: if © is a connective modeling parallelism, then (Ox.A) © B implies
Ox.(A © B) whenever x does not occur in B.

However, we claim that the following additional condition (which holds in their systems too)

should be added in this list, in view of how restriction and choice operators interact.

4 name-choice: if © is a connective modeling a global choice, then Ox.A © Ox.B should imply

Ox.(AGB).

Intuitively, this latter requirement is dictated by the observational indistinguishably of a

process spawning a fresh name before making a global choice, and a process spawning a

fresh name after such a choice is made. In our work, all these requirements are met (see

Proposition 12).

» Definition 3. Formulas are generated by a countable set of variables (V) by the grammar
in Figure 5 modulo the standard De Morgan Laws and a-equivalence from the same
figure. A context is a formula containing a special occurrence of an atomic variable o (called
hole) and we denote by C[A] the formula obtained by replacing o with a formula A. As
standard, we assume formulas to be written using Barendregt’s convention, that is, each
variable x occurs bounded by at most a quantifier and, if bounded, cannot occur free in the
same formula. An atom is either the unit o, or a predicate (x!y) or (x?y). The (linear)
implication A — B is defined as A+ % B, where the negation is defined over formulas by
extending the negation on atoms via the de Morgan laws in Figure 5.

For each formula, we define the set free(A) of free variables as the set of variables
occurring in A which are not bounded by any quantifier. The free variables in a sequent
I'=A1,...,A, is the set free(T') = N, free(4;).

» Remark 4. To provide a lighter presentation of our systems, as well as to highlight the
connections with the m-calculus, in this paper we consider formulas whose propositional
atoms are generated by a limited signature containing no function symbols and two “dual”
binary predicates (—!-) and (-7-). However, a more expressive extension could be easily
defined, and the results presented in this paper could be straightforwardly extended by
addressing simple technical nuances, which we highlight in this paper whenever relevant.

» Definition 5. A nominal variable is an element of the form x¥ with x € V and
Ve {ld}. If S is a set of nominal variables, we say that x occurs in S if x"' or x!
element of S. A (nominal) store S is a set of nominal variables such that each variable
occurs at most once in S.

s an

» Notation 6. We write judgements S+ T with S =@ (resp. S = {xlv' AL }) simply as
S+T (resp. xlVl R ,x,Y” F T, i.e., omitting parenthesis). We denote by S1,Ss the union of
two disjoint stores S1 and Sa.

We write S1,S2 to denote the (disjoint) union of two stores such that a same variable
does not occur in both S1 and Ss.

We define rule systems using rules from Figure 6. The rules in Figure 6 in the first block
are standard rules for the first-order multiplicative and additive fragment of linear logic
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S+T,A,B S +ILA Ss+BA St SorA
ax 7? ® ) mix
S+ (xly), (x7y) S+TLAB®B 81,82+ T,A®B,A Sto S1,82+TLA
S+T,A; S+IA S+I,B S+TL,A S+, Aly/x]
) & v I—
S+tI,A1®Bs S+T,A&B S+TI,Vx.A S+T,3x.A
Sll-F,A,C SQI-A,B,D Sll—F,A SQI-A,B

< <
S1,So+T,A,A«B,C«D S1,So+T,A,A «B

S+T,A S, 2% kT, A S+, Ay/x]
I/IoiT I/Iloadi’;« I/Ipopm—
S+T,Ux.A S+, Ux.A S,y T, 4dx.A
S+T,A S.xTrT, A S+, Ay/x]
o ——— F Hjoad ————— T Apop ——
S+T,4dx.A ST, 4dx.A S,y" + T, Ux.A
Si+TLA Sy AL A S+T,A,B
AX cut ng——— 7
oFA At S1,SykTL,A S+T,4x.A,x.B

Figure 6 Sequent calculus rules with side conditions { = x ¢ free(I"). The rules above the double
line form the system PiL.

decorated with stores. As expected, rules ® and mix split the context (and thus the store)
among premises to enforce the linear use of resources, which is typical for multiplicative rules.
In contrast, the rule & (with) duplicates the context (and thus the store). The rules for
the connective « in the second block are also multiplicative in this sense, as they maintain
the same context-splitting behavior. The rules U, and 4, simply remove quantification
respecting the freshness condition (1), as the standard rule V for the universal quantifier.
We are not making use of substitution for these rules because we assume @-renaming could
be applied to the formula prior to the application of the rule, in order to satisfy the side
condition f. Similarly, the rule Ujoag (resp. Sjoad) removes quantification respecting the
freshness condition f, as the standard rule V for the universal quantifier, but it also adds to
the store the nominal variable x'* (resp. x*'), where x is the variable bound by the nominal
quantifier of the principal formula. The rule Upop (resp. fpop) behaves similarly to the rule
3 for the existential quantifier, but removing an occurrence of the dual nominal quantifier £
(resp. ). The name is due to the fact that the variable used for the substitution has to be a
nominal variable x'! (resp. x!) in the store.

We prove in this section the admissibility of the that the rules below the double line,
which are the standard rules for the general (non-atomic) axiom and cut, and a special rule
-4 removing a pair of dual nominal quantifiers binding the same variable x.

» Definition 7. We define the following systems using rules from Figure 6.

MLL = {ax, %, ®} MLL® = MLL U {o, mix}
MALL = MLL U {®, &} MALL; = MALL U {V, 3}
NML = MLL U {«, <., o, mix} NMAL = MALL U {«, <, o, mix} (4)

mini-PiL = NMAL U {/., Ao, -1} PiL™ = NMAL U {Wjoad, pop, Uo, 5o}
PiL = PiL™ U {i0ad> Tpop}
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If X is a system, we write kx I' to denote that @ + T" is derivable in X.

» Remark 8. During proof search, the rule V|o,4 allow to remove an occurrence of the nominal
quantifier V under the condition of storing the variable bound by the nominal quantifier
in the store. Since the axiom rule and the unit rule have empty store, if the proof search
is successful, then such a variable has to be used for the substitution of a variable bound
by the dual nominal quantifier V*. That is, each Vjoaq rule is paired with some Vo, rules
above it in a derivation. Note that in absence of additive connectives, such a Vpep is unique.
This pairing can be seen as a long-distance link between the nominal quantifiers V and V+
in a provable sequent. This same link is more clear if looking at the rule -4 introducing
a pair of dual nominal quantifiers binding a same variable x. However, this latter rule is
weaker, and, in particular, does not suffice to prove quantifier swap equivalences for nominal
quantifiers and the nominal-choice laws from Equation (5).

» Remark 9. The pair (I1, {I) of nominal quantifiers in PiL behaves differently from the
pair (11,9) considered by Horne and Tiu for the logic BV! and its extensions [43, 42, 45].
One difference is the way 1 and $I interact in Pil, in which each nominal quantifier O
interacts with at most one dual quantifier O", while in BV! a I can interact with multiple
9. By means of example, the implication (Mx.A ® 1x.B) —o Ux.(A % B) (i.e., the formula
Ax. A+ % dx.B+ B Ux.(A X B)) is provable in BV! but not in PiL.

This reminds the different ways the modalities in the modal logics M and K interacts via
the rules: in the former, each diamond (¢ )interacts with exectly one box (O), while in the
latter, multiple diamonds can interact with a single box, as shown in the sequent rules of
their sequent calculi — see [51, 54, 11] for additional details.

S+B,A S+Bi,...,B,, A
M——— and K n
S+OB,0A S+OB1,...,0B,,0A

eN

Moreover, in PiL the implication Mx.A —o (x.A*)" (that is, the formula Ix.A % dx.A),
while in BV! the same formula is derivable.

Another difference depends on the way nominal quantifiers interact with the connective
modeling sequentiality. Our nominal quantifiers do not satisfy scope extrusion over sequen-
tiality, that is, the formula x.(A <« B) oo (Ix.A) < B with x ¢ free(B) is not derivable in
PiL. However, this property is striclty needed in BV! in order to guarantee that the logical
implication is a transitive relation (i.e., that if A — B and B — C are derivable, then also
A —o C is derivable).

4 Proof theoretical properties of PiL

In this section we prove the proof theoretical properties of the system PiL, including the
derivability of rules and the possibility of embedding PiL in MAV?.

Our systems satisfy the property referred to as initial coherence [15, 61], that is, the
property that atomic axioms suffice to guarantee the possibility of deriving the general axiom
rule. Said differently, in PiL we can derive any formula of the form A —o A using axiom rules
restricted on atoms only.

» Proposition 10. Then the rule -4 is derivable in {Wigad, Upop}-

Proof. It suffices to remark that each instance of 1I-4 can be replaced by a Ujpag followed
(bottom-up) by a Apep. <
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» Proposition 11. Then the rule AX is derivable in mini-PiL. Therefore, also in PiL™ and
PiL.

Proof. We can show by induction on the structure of A that for any formula A there is a
derivation in MALL! U {o, <, 11-§1} of the judgement S AL, A .
if A =o, then such a derivation is made of a mix with premises of the form S + o, each
conclusion of a o-rule.
if A= B « C, then A+ = B* « C*+. We apply a rule «, and we conclude by inductive
hypothesis;
if A= 0x.B with V € {1, {d}, then we apply (bottom-up) a rule U-sI-rule and we conclude
by inductive hypothesis;
otherwise, we proceed as standard in MALL;.
The complete statement follow from Proposition 10. <

We have the following properties for our connectives, quantifiers and unit. Note that
the list in Equation (5) is not complete, since additional implications and equivalences
immediately follow by duality.

» Proposition 12. The following logical equivalences and implications are derivable in PilL.

Unit Laws Monoidal Laws
(A% 0)oo(AQ®0)ooA AOBooBGOA
(A €4 0)oo(o 4« A)ooA (AOB)©C oo AG(BOC)
(0 & 0)o—o (0B 0) 00 with © € {%,Q,®, &}
Vx.0 o—o Nx.0 oo fx.0 oo Jx.0 oo o
Scope extrusion Quantifier Swap
Mx.(4 QS’MI?.;_:_EI/?'A) R O)'C.C)y.AO—OOy.Ox.A
i x ¢ free(B) with © € {3, 9,1, V} (5)
Multiplicative refinement Quantifier refinement
(A®B)—(A <4 B) Vx.A — Ux.A Nx.A — 3x.A
(A <«B)—-~ (A% B) Vx.A — dx.A dx.A — 3x.A
Nominal-choice Distributivity of choice

(ABB)&(ABC)) = (AT (B&(Q))
(ABB&C)) o ((ABB)&(ARC(C))
(AB(BaC)) - ((AdB) T (A ())

(Wx.A & Vix.B) o—o (Ux.(A & B))
(1x.A @ Mx.B) oo (x.(A ® B))

Proof. Unit laws follows by the existence of the following derivations.

AX o AX o AX o
S+AY,A Sto S+HAY,A Stro SFAY,A S+to
mix <

St (At ®0), A SkFAL A0 SEHA!L €40, A
% X2 75
St (A @o)H A SFALN (AN o) Sk(At <o) A

AX AX
AX AX Stko,o0 Sto,o
Sto,o Sto,o Sto,o 0 ot
&

o——— Sk o,Ox.0 S+ O x.0,0
Stodo,o0 Sto&o,o

% %
y y— Sro®0xo SrO'x.0%o
St (o®o)Fo Sk(o&o)®o ®

AX

SFOx.0000

XX:11
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Monodail laws are proven as standard in MALL. Scope extrusion and nominal quantifiers
swaps are proven as shown in Equation (6) below.

AX AX
SrAL A S+B+B
AX —————
St (A*®BY), A,B SrALA
Hoop u 1 1 2xMpop n U 1 (6)
x“r dx.(A*®Bh),A,B Xyt e dy. dx.A
Uioa 2% Uj0q
'S+ sIx.(AX ® BL), x.A, B ST Ux.y.A % Sy dx. AL

2%

78)S F SIx.(At ® BY) ® (Ux.A) B B)

Quantifier swap for universal and existential quantifiers are standard as in in MALL;. For
multiplicative refinement we only show the derivation for (A ® B) — (A <« B) on the left of
Equation (7), since the derivation for (A « B) — (A % B) is similar. Nominal refinements
are proven as shown in the right of Equation (7) below.

AXSFA,Al AXSFB,BL AXSFAL,A

YT SFALBLA<B TS acal A (7)
TSV AL BLA<B " S arAL vrA

??SF(AL%’BL)??(A<B) WSI—EI)C.AJ‘%’V)C.A

Finally, distributivity of the choice are standard in MALL (they are proven by applying
(bottom-up) % and & rules first, followed by @ and ® rules.), and nominal-choice laws are
proven as follows.

AX —M— AX —MMMM— AX —M— AX —MM—
SFAL A S+BY,B SFAH A S+ BB
& & Wpop ————— Wpop ————
SrAt®BH A SrA*®B- B Ak dx.AL A X+ SIx.BL, B
Upop ———— Upo, =) )
Pk dx.(At@BLY), A Tl dx(AteBY), B v AtedxB A Xk Sx.At@SIx.BY, B
Hioa Hioa
ST (AT @BY) Mx.A " SF SIx.(AL®BY), lx.B T Sv. At @ SsIx.BL, A & B
& Ujoa
St dx.(A*@®BY), Ux.A & Ux.B 'St At @ Slx.B, Ux.(A & B)
ko 3
St dx.(A*®BY) 3 (Ix.A & Ux.B) St (Sv.A @ x.BY) B Ux.(A & B)
[

(ILx.A & Ux.B) o (Wx.(A & B))

AX —M8MM— AX —M8MM AX —M8MM— AX —M8M8M—
SFALA St BB St A AL St B,B*
H— o — I/Ipopi I/Ipopi
S+At AeB S+B-H A®B S+A AteBt S+B AteBt
Wpop n I Hpop n L oop 1 I n Apop s n n
x*rdx. At A®B x'rAdx.BH,A®B x" FUx.A, At ®B x” +Ux.A, At ®B
Wioa Mioa, & p
ST S AL . (A®B) St $lx.BL, Ux.(A® B) T+ Ux.A & x.B, A* @ B
& joa
St $x.AL & Ix.BL, Ux.(A® B) ' S Ux.A & Ux.B, SIx.(A* @ BL)
% ke
St (dx.A & dx.BY) B Ux.(A® B) S (Mx.A & Ux.B) B x.(A* ® B)

®

S+ (Ix.A & Ux.B) oo (Ix.(A ® B))

» Remark 13. The system mini-PiL satisfies all the equivalences and implications in Proposi-
tion 12, except for quantifier swap and nominal choices, while the system PiL™ satisfies all
the equivalences and implications in Proposition 12, except for the bottom-most nominal
choice. That is, in +pj - (x.A & Nx.B) — (Mx.(A @ B)) but not the converse implication.
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ax ——
r + Sto Stro
cutSF 4 S'-a,a’V\’)SFF,a Cuti’v\ésl—r
S+Ta ST S+
mix
S+T
SFF,A,B Sll-Al,Al SQFBL,AQ Sl—F,A,B Sll-Al,Al
g ® cut
S+T,A®B Sl,SQ"AL®BL,A1,A2 ~ S+ILALLA SQ"BL,AQ
cut cut
S,81,82 kT, AL A S+T,A1, A
S +TLA; SorF AN, A Sor At A
® ! ! & 2 ! 2 ST A; Szl—Ai'L,A
Si1+rTLA10As SQI-AlJ'&AQJ‘,A ~ cut
cut SI,SQFF,A
S1,SrTLA
B2
S1FT,AY Sy Ale/x], A lTDle/x]
v 3 ~m ST AY[c/x] Sor Alc/x], A
31 F F,VX.AJ‘ SQ F Hx.A,A cut
cut SI—F,A
S+ILA

Figure 7 Cut-elimination steps for MALL; and MLL®, where D[c/x] is the derivation obtained
by replacing all occurrences of x in D with c.

S FTLCA SarTo,D,B Sy AL EA SirBYF, A SIFTLCA SyrALEA  SorTe,D,B Syt B-F, A
N S1.Sy kLT, CAD,A<B  Sy.Sir AL« BLE«F,ALAy w 81,83 [0, C.E Ay S, Sy F oD, F, A
o S1.52.855,81F [0, T2, C < D, E < F, Ay, A N S1.80.85, 81 F T, T9,C < D,E < F, AL Az
S +TI,C,A Sy+T9,D,B Sz kALY A1 Syr Bt Ay S+, C,A S3+ A+ A Sy +T9,D,B S,+ Bt A
<S“SZr—l"l,l"z,C<D,A<B - S3,.84F At « B AL Ay o S1,83+1,C, A o S5, 84+ Ty, D, Ay
o S1.59.85.81 F T1,T2,C < D, Ar, Ag - S1,59.85.81 + T1,T2,C < D, A1, Ag
S +IM,A SorI9,B S3 AN A SikBH A ST, A Sk AL A So+rT9,B S,+ B+ Ay
SIS, TITn AB Sy SirA B ALA, w o S,.SsrTLA S, S T A
o 81,852,558 F 1, Ta, Ar, Ay i 51,852,545, 51 F [0, T9, A1, As

Figure 8 Cut-elimination steps for the connective « and its rules.

4.1 Cut-Elimination

We prove the admissibility of the rule cut, we provide a cut-elimination procedure adapting
the one for MALL;. In absence of the nominal quantifier, the proof taking into account the
connective « is straightforward. In the presence of the nominal quantifier, the proof is more
intricate because of the implicit links between V|gaq-rules and Vpop-rules in a derivation we
discuss in Remark 8. For example, consider the derivation with cut in the left of Equation (9)
of S + Nx.a — Vx.a, where we marked the flows of the nominal variables.

AX ———
Sta,at

‘ . ' . ~* ioad+pop :ﬁg - L illa (9)
cut Eod
S+ .al,I/LY.a/ S+ ta - Via

%3
S+ I/bé.a —o V)c.a

In order to perform cut-elimination, we need to be able to keeping track of the variables
bound by dual nominal quantifiers, which are supposed to be linked by the cut-rule, even
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when the nominal quantifiers are removed. For this purpose, we introduce the following
auxiliary name linking rule we use during the rewriting process of cut-elimination.

S, X
S-cut —mM8M8M8M8M8M8Mm (10)
S+

» Theorem 14 (Cut elimination). Let I' a non-empty sequent. If rpiLufcuty I, then Fpi T

Proof. We define the weight of a cut-rule r in a derivation D as a pair (dgp (r),cp (r)) where
dp (r) is the maximal distance of r from a leaf above it in the derivation tree, and cg (r) is
the complexity of the active formula(s) of r. The weight of a S-cut-rule r is defined similarly
as (dp (r),0). The weight of a derivation is the multiset of the weights of its cut-rules and
S-cut-rules.

To prove cut-elimination it suffices to apply the cut-elimination steps in Figures 7-9
to a top-most cut-rule or S-cut-rule in the derivation tree. The fact that we consider the
procedure to operate on a derivation whose conclusion and premises judgements have empty
stores and non-empty sequents ensures that the case analysis we consider covers all the
possible cases. In particular, the case o-vs-o in Figure 7 for the o (because the sequent in
the conclusion cannot be empty), and the bottom-most case in Figure 9 (because the store
in the conclusion and in the premises is empty).

In order to be able to apply this strategy, as standard in the literature, we consider the
commutative cut-elimination steps, that is, rule permutations as the ones in Figure 13 involving
a cut-rule or a S-cut-rule, allowing us to permute an instance of such rule above another
rules. The termination of cut-elimination follows by the fact that each cut-elimination step
applied to a top-most cut-rule r decreases cq (r), while each commutative cut-elimination step
applied to the top-most cut-rule, or to a S-cut-rule reduces dg (r). Note that a commutative
step moving a cut-rule above a &-rule duplicate the cut-rule. This is why we have to define
the weight as a multiset: even if the complexity does not change, the maximal distance from
these two new cut-rules from the leaves is strictly smaller than the one of the original one. <«

» Remark 15. In systems containing a self-dual unit o, which is the same unit for conjunction
and disjunction, such as multiplicative linear logic with mix [33], Pomset logic [70] and BV
[37], it is possible to derive the empty sequent. This depends on the fact the empty sequent
is not interpreted as false (as in classical logic), but rather as the unit o, which is provable,
and that the non-admissibility of the weakening rule (as in relevant logics [12, 10]) would
not entail the possibility of deriving any sequent. Citing Girard (as reported in [18]) “if one
were to accept this rule [mix], the good taste would require to add the void sequent as an
axiom (without weakening this has no dramatic consequence)”. This explains the structure
of the cut-elimination step o-vs-o in ?77.

» Remark 16. If we consider a system where the only rule for nominal quantifier is the rule
-4, then all judgements in derivations have empty store.

Note that the system PiL \ {I1,0p, Aioad} presented in [55] also satisfy cut-elimination,
and it already expressive enought to support the interpreting derivations as computation
trees (see Section 7). Indeed, the only difference is that in such a system the nominal-choice
law (Ux.A & Ux.B) o— (x.(A & B)) does not hold, but onlu the left-to-right implication is
provable (see the right branch of the bottom-most derivation in Equation (8)).

» Corollary 17. The linear implication (—o) in PiL defines a transitive relation, that is, if
Fpit A — B and tpj. B — C, then +pjL A — C.
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S1,xV+T,A Sor AL A .
Vioad Voop v 31,)( + F, AJ_ SQ F AJ_, A
S+, Vx.A So,x' k VJ‘x.AJ‘,A ~> cut v
cut v S1,82,x7 FTLA
S],SQ,X F F,A
TD[x"] .
S1.x"+T,A Sy F AL A To[e1+7]
load Vé‘ ANy Sl + F,A 82 F AJ_,A
S+, Vx.A So+ VJ‘X.AJ‘,A cut
cut 81,82+ TLA
S],SQ F F,A
S1rlLA Sy AL A
Viop Vs S1+TL,A Sor AJ',A
S, xV FT, VXA Sok Vx.AL A cut
cut v S1,SrTLA
81$SQ7X '-E’A PVSY ”Z)[@/XV]
”VD[X | 81,82 + F/,B
81,82,x" +T",B v,
Vioad S],SQ = F/,VyB
81,32 FF’,Vx.B
S1rlLA Sy AL A
U, I, Si+TLA SorA At
S +T,Ux.A Sy Ax. AL, A~ cut
cut SLSQ [ F,A
81,52 + F,A
S, "Mk, A So,xF AL A S, "M FT,A - So x AL A
Wioa Ajoa cut
S FT A Sy F AL A w 81,80, 21 37k T, A
cut S-cut
Sl,SQI-F,A Sl,SQ"F,A
S1rlLA So kAL A
Upop ———————————— S
ST ED A SoxM F dx AL A S +T,A Sy AL A
cut ~> cut
Sl,SQ,Xﬂ,XV]FF,A Sl,SQ"F,A
S-cut
S],SQ F F,A

Figure 9 Cut-elimination steps for the nominal quantifiers where D[@/x"] is the derivation
obtained by removing all occurrences of xV in O, and D[@ T xV] is the derivation obtained by
removing all occurrences of x¥ in O, and replacing any rule Vpop introducing xV in the store with a
rule V,.

Proof. If +p;g. A —o B, then there is a derivation D g With conclusion S + At, B because
the rule % is invertible (that is, its conclusion is derivable iff its premise is so). For the

same reason, by hypothesis, there is a derivation Dy . in PiL with conclusion S + B+, C.

Thus a derivation with conclusion S - A — C made of (bottom-up) a %-rule followed by a
cut-rule whose premises are the conclusion of D . and Dy .. We conclude by applying
cut-elimination. <

We conclude this section stating that PiL can be embedded in MAV? [45] using a translation
[-] replacing each occurrence of « with a <, and each occurrence of 4 with a 9. Formal
definitions and details of the proof are provided in Appendix A.
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» Theorem 18. Let Ay, ..., A, be formulas. If bpiL A1, ..., Apn, then byat g [Ai].

5 Proof Nets for PiL

In this section, we define proof nets for PiL and we prove soundness and completeness of this
syntax by providing sequentialization and proof translation (desequentialization) procedures.

To handle the interaction between multiplicative (%, ® and <) and additive (& and &)
connectives in PiL in a canonical way, we follow the approach used in Heijtjes and Hughes’
conflict nets [48], providing canonical representative for proofs modulo local rule permutations
rather than Hughes and van Glabbeek’s slice nets [50] or Girard’s monomial nets [34, 53].
This is because of the well-known trade-off in terms of complexity between proof translation,
sequentialization and cut-elimination (see page 3 of [48]). Conflict nets are optimal for
sequentialization and proof translation, but not with respect to cut-elimination — and in our
paradigm the rule cut, and cut-elimination, plays no role. Thereby, we opt for an optimal
solution for the aspects that are relevant to the application we aim at in this paper (see
Section 6). Intuitively, conflict nets for MALL is a tree alternating concord (—~) and conflict
(#) nodes, with leaves axiom links, and satisfying a contractility criterion with respect to a
rewriting called coalescence.

To handle quantifiers, we use the approach adopted in unification net for MLL [49] by
Hughes, and additive linear logic [39] by Heijtjes, Hughes and Strafiburger. This allows us to
provide proof nets satisfying the principle of generality (in the sense of Lambek [52]), that is,
identifying proofs differing in the witness assigned to quantifiers. Intuitively, unification nets
are defined as sets of axiom links labeled by a substitution (called dualizer) that instantiates
each variable with the name used in the proof.

» Notation 19. We use the standard notation o = [x1/y1,...,Xn/yn] for substitutions,
i.e., (partial) maps over the set of variables® with domain {y1,...,yn}. Moreover, we use
the following denotations:

o7 is the composition of o and T (in which o is applied after 7);

o\ {x} is the substitution obtained from T by removing the substitution of the variable x;

o is more general than T (denoted o < p) if there is a map p such that op =7;

o and T are disjoint (denoted dis(o, 7)) if so are their domains. We may write o+t to

denote oot = to whenever dis(o, T);

o and T are coherent (denoted coh(o, 1)) if there is p such that op = 1p;

the join of o and T (denoted oV 1) is the least map p such that o < p and T < p;

A pre-link a on a sequent I' is either a nominal link, that is, a pair {x, y} of variables
occurring in I with x bounded by 1 and y by a ¢, or a sequent which is an induced sub-forest
of I". We represent a pre-link ¢ by drawing a horizontal line connected via vertical segments
(labeled by @) to the roots of each variable or subformula in the link.

» Example 20. Consider the sequent I' = AQ B, (Ux.C) ¥ (D & E), dly.F. The sequent
I"=D,D @ E is not a pre-link because the formula D is repeated twice. We represent the
pre-links a = A,C,D®E and b = B,Vx.F, 11x.C) ¥ (D & E) and ¢ = {x, y} as shown below.

a

[ [ 1
A®B,(1x.C)® (D8 E), dy.F

L
| A |

6 In the language of PiL we have no function symbols, but this definition could be generalized by defining
a substitution as a map from variables to terms, as done in [39].
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() : if A% B,Cy....,Cy and AN B,Cy,....Cy
R — r Lok E—
. o (@) ifA1® Ao, By By (or A1© Ao, By, By) and A1© A, By, By
Loeck
N — —
[E)E if 3x.A, Bj....,B,and 3x.A,By,....B, and 6. =6, \ {x}
! via
¢ C1vck ra —c——
AN / V) : if Vx.A,B1,...,B, and Vx.A,Bi,...,B, and x ¢ free(Cy,...,C,) and x € dom(5,)
.
ith e € {—~, reT— [t e—
with ¢ € {~. 7} (Vioad) :  if VX.A,By,..., B, and Vx.A,By,..., B, and x ¢ free(Cy,..., Cn)
raT—— —e——
(Vo) : if Vx.A, B1,...,B, and Vx.A,Bq,...,B, and x ¢ free(Cy,...,Cy,) and {x,y} ¢ A
e L e e E—
(®): ifA® B,Cy,..., Cn,Di,..., D,, and A® B,Cq,..., Cn,Dy,..., D,,
| e E— ¢ T T T T 1
~ («):  if Ay« By,Ay < By,Cy,...,Cn.D1s.... Dy and A « B, Ay« Bs,Cr,....Co.D1.....Diy
1 . [ 1 ! ]
¢ C1veck via (<) " A_UB ¢ S D da 4'_5; ¢ ¢ b only if no other rule
<«): ifA<« BCy,...,Cy,Dn,..., an ,C1,...,Cn, D1,y
\,_\ / |_1h m L " ! w L " | except mix can be applied
b o —a—/ b/ s m— Iy i ther rul
with dis(da, 65) (Mix): if ApeeeesAnaBreeo. By and Ay..... Ay By..... B only if no other rule
can be applied

only if 6, =6, +6p

[ i e — T 1T 1
(Vpop) : if V2x.A,Vy.B,Cy,..., C, and V*x.A,Vy.B,Cy,..., C, onlyif x,y ¢ free(Cy,..., Cp), with 6. =6, \ {»}
Ly
aj o ap by - b

\ /
#
l

by -+ b A and B forallie{l,..., h

a N /u;, I\ , K via (#): if exists A & B in I such that € aiand B¢ a; r.n allie{ )

#\ /# A¢bjand Beb;forall je{l,... .k}

#
with coh(8,,8p) and 6. =6, V &p
hok>0and h+k >2
a b
\ / a
# |
L | i a— | .
] via (&) : if AYB,Cy,...,Cp and A&B,Cy,...,Cp via (o)
c [ l
I a
# with e € {—~, #}
with coh(6,,65) and 6. =6, V 6p
Figure 10 Coalescence steps for co-trees, with V € {1, d} and a,b,cq,...,c, leaves.

» Definition 21. Let I' be a sequent. A dualizer o for T is a substitution with domain
variables occurring in T' bounded by an existential quantifier (3) or a nominal quantifier 1.
A link on T is a pre-link a equipped with a (possibly empty) dualizer 5, for T.

A concord-conflict tree (or co-tree for short) on T is a tree A with leaves labeled by
links, and internal nodes labeled by ~ (concord nodes) or by # (conflict nodes). It is
axiomatic if it contains only axiomatic links, that is, links made of a single occurrence of
o, a pair of variables {x,y}, or a pair of the atoms of the form {{(x!y), (z?t)}. We denote by
LA] the co-tree obtained by merging adjacent ~-nodes (resp. #-nodes) nodes, and by removing
node with a single child (by attaching its child to its parent). A co-tree A is canonical if

A =|A]. We may denote Ay ~ A or ~ (Aq,...
co-tree with root a ~-node (resp. #-node) and with children roots of A1, ...

JAy) (resp. A#Ay or # (Aq, ...
, Ay

An) ) a

» Definition 22. We define coalesce steps over co-trees in Figure 10. A co-tree A coalesces

to N if A > A, and it is coalescent there is a coalescence path (i.c., a sequence of

coalescent steps) such that A rewrites to a co-tree made of a single-link with empty dualizer.
A proof net for a sequent I' is a coalescent axiomatic co-tree A on I'. We say that two
proof nets A1 and Az are isomorphic (denoted A1 = A2) if they are the the same co-tree.

To prove the soundness and completeness of proof nets for PilL, we define a desequential-
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D, step D, D, Dy, step D,
=l ol |l
oo 2 64(S+A,B.T) el el s 54(S1FAT) 6,(Sak B.A)
04(S+A,B,T) — 64(S1+AT) 6p(S2+ B,A)
5.(S+AXNB,T) 5.(S1,S2+ A®B,T,A)
=T wll EAl
= o 6a(S+ AiT) m T el b 5a(S1FAT) 6,(Sak BA)
5.(S+ A;T) R i L 6,(S1FAT) 55(Sy F B.A) «
0c(S+ AL @ AT 6.(S1,S2+ A 4« B,T,A)
T =l T T ol o0l
4 Y, 5.(SFAT m 2 b 64(S1F A1, A2,T) 6,(S2+ Bi, Ba, A
0a(SHAT) - OaSE AT 6a(S1+ AL AT) | 65(Sak Bi,BoA) | |« (S1FALAT) 6(S2t BrBa.d)
5.(S FVx.A,T) 5.(S1.So + Ay « By, Ay « By, T, A)
T _ al T
Ll % 5.(SFAT) m |l Il mix 64(S1FD) 6,(Sak A)
0a(SFA,T) o 6a(S1+T) 55(S2 +A) mix————————
0c(S+Vx.AT) 5:(81.82 + T, A)
T 3 =1 T T & mll Al
4 6.(S+A[y/x],T "1 2 4 5.(S+HAT) 6,(S+B,A
Sa(SH ALy | oSt ARLD) 5.(SFA,T) on(SFBA) | T 8al )9l )
5.(S FIAxAT) 5.(SFA&B.T,A)
m v i
4 g 04(S+ Aly/x],T)
5.(S+ A[y/x],T Vpop —
¢ Ly/x1.T) P 5.(S,x7 F VAT
Eall
=l Viogd 6a(S.x" F AT
6u(SxVFABT) | T V.m¥
5.(S F Vx.A,T)
with 6, = Sa\ {x} for steps 3 and Vpop, with 5, = 5aV 6y for step &
Su otherwise 8, + 0, otherwise

Figure 11 Effect of coalescence steps in Figure 10 on co-trees with leaves labeled by derivations.
The steps @ and # change no link labels.

ization procedure, mapping derivations to proof nets, and a sequentialization, mapping proof
nets to co-trees.

» Theorem 23. Let I' be a sequent. Then vpj. I iff there is a PiL-net A on T.

Proof. Let D be a derivation of I' in PiL. We defined the (axiomatic) co-tree [D] by
translating top-down rules O as shown in Figure 12, and we let Agp be the canonical co-tree
associated to [ D], that is, the co-tree obtained by removing any single-child internal node
and by merging two adjacent internal nodes with the same label in [D]. Prove that Ay is
coalescent is trivial. It suffices to consider a coalescence path where coalescence steps, which
are in correspondence with rules in PilL, respect the order in which we translate the proof.
Note that rules mix, €, and -4 may required to be postponed during such translation, and
applied out-of-order because of the side conditions we have on coalescence steps.

To prove the converse, we define deductive co-trees as co-trees whose leaves (which are
links) are labeled by derivations with conclusion the link itself. Given a proof net A, we
associate to it a deductive co-tree whose leaves are labeled by ax- or o-rules. Since A is
coalescent, we can define a derivation D, in PiL with conclusion I' using a given coalescence
path by modifying the derivations labeling the leaves of A as shown in Figure 11. <

As in [48], we define the size of a proof net A on I' as the number |A| of nodes in the
co-tree A plus the number |I'| of nodes in the forest I'.

» Proposition 24. The coalescence criterion is polynomial in the size of the proof net.

Proof. The result follows from the same argument (and algorithms) used in [48] in the proof
of the similar result for MALL. The new multiplicative coalescence steps (the ones involving
the <) are as complex as the ®. Coalescence steps involving quantifiers requires to perform
operations on dualizers which are linear in the size of the dualizer (see [56]), and the size of
the dualizer is linear in the size of the formula. Thus the complexity is at most O(n®) where
n is the size of the proof net. <
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(I( ,—a—l R Zl)_] L[ / ] ru-l
° =40 ax———————————— = ly 7y 1, /[ X = —
{{ Stk 0}} { } {{ St (xly), (X’-’y)}} {<x e y)} ST, V}ix.A {{{Dl}} o {x’ y}J

Al ol ol
G ST = (o) S FT AR = (D) SIS P DA/ = (D1} [y/a]
S+ S+, Vx.A S+, 3x.A

o1 0,11 ol D1l
LSIEDL SarTath o [(D1)) ~ (Da))] SEDL SER = (D) # (D))
S1,S8:+T S+T

with rt € {%¥,@,V,11I°,51°} and r? € {®, <, <, mix} and V e {I1, 5}

Figure 12 Translation of a derivation in PiL into a proof net, where {{D}} [y/x] is the co-tree
obtained by applying the substitution [y/x] to all its links and by letting the dualizers §, in {D}}

being 64 [y/x] in {D}} [y/x].

6 Canonicity results

In this section we prove that proof nets for PiL provide canonical representative for derivations
modulo local rule permutations, and that two derivations obtained by sequentializing the
same proof net are equivalent modulo local rule permutations and what we refer to as witness
renaming.

We first introduce three notions of equivalence for derivations in PilL.

» Definition 25. The wariable replacement of an instance of a quantifier rule in a
derivation D is the variable” used to replace the variable bound by the quantifier in the
conclusion of the rule. Using the convention for rules from Figure 6, the variable replacement
of a rule 3, Upep, or fpop is the witness y used int the substitution in the premise of the rule,
while the variable replacement of a rule ¥V, U, Ao, Uipad, 07 Hioad @s variable bound by the
quantifier removed by such a rule.

Two derivations D1 and Do in PiL are:

equivalent modulo fresh names (denoted Dy ~y Do) if it is possible to tranform Dy

into Do by changing the variable replacements of quantifier rules, and propagating the

changes upwars in the derivation;

equivalent modulo local rule permutations (denoted D1 ~ Ds) if it is possible to

tranform D1 into Do using the transformations in Figure 13;

equivalent modulo local rule permutations and withness choices (denoted Dy ~

Do) if there are derivations D; and Dy such that Dy ~y D] ~ Dj ~y Do.

» Remark 26. In Equation (11), the derivation on the right is obtained by renaming the
principal name x of the quantifier with a z using a-equivalence, and then propagating the
change upwards.

ax ———————————— b ) —
F (xla), (x?a) F(zla), (z7a)
Wpop " ~w Wpop T (11)
. X%k (xlay, dy.(y?a) . 7k (Zla), dy.(y?a)
'\ Ux. (xla), Sly.(y?a) U (xla), Sy (y?a)

7 Because of the very simple structure of terms defining atoms in PiL, only varibles can be used to
substitute other varibles in terms.
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So kT, A2, A3 Sz +T3,A4 S1 kT, AL S3+T2,A2 A3
3 B .
S1 kT, A 89,83+ T2,T5,A2,05  ~ 81,82+ T1,T2,01,A S2FT3,A4
B =
515,853+ 1.T2.T5,.0,,0, 515,85+ T1.T.T5,0,,0,
T AL A2 AL A S1+T1,A1,Ay So kT, A S1FT, AL Ay
@ a;
'T,01,A; ~ ZF,Ax,@)z S1,82 kM, 12,A1,02 ~ S1,x-1,01,A0 Sok1a,A3
@ @ 1
I',0,0: lr,(')x,@Q 81,82, xkI1,T2,01,02 81,82, x - IM1,T2,01,0,
S1,x kT, AL Ay SorTa,Ag S1.xrTL AL A S1FTL, AL Ay SokTa,As ST, AL A
@
S1+1,01, Ay So kT, Az S1,82+ 11, T2,A1,05 ~ S1+T,01,A

S1,80,x + T, T2,A1,02  ~
u

S1,8:+T1,12,01,0, S1,82+T1,12,01,0,

S+I,A,C S+T,AD S+I,B,C S+I,B,D
& &

S+I,B,C S+T,A,C

a
Sl,SZ F Fl,FZ,(T)l»@Q

S1.82+T1,T2,01,02

S+I,B,D S+T,AD
&

S+ILAC&D

&
S+I,B,C&D ~

S+T,A&B,C,
&

S+IA&B,D,

S+ILA&B,C&D S+TL,A&B,C&D

SrT.BLA S+ AA  Sr[LAA  S+I,BA S+T,AB S+T,AB

& Y Y Wy, Apoy -
S+TLA&B,A ~ SrI[,A0 S+T,B,6 S E A B~ | S.x T Ix.A,B
M . Wjoa Aloa
SrT,A&B,© SFT,A&B,© S EL A B ST xA, Sx.B

@y, 2 € {N,0,3,V, 4, 1°,4°})

. ae{®,0,3,V.1I°,9°} ,
with
B, B1. B2 € {®, <, <, cut, mix}

ye{® e, 3,V,1d} s

Figure 13 Local rule permutations in PilL.

In Equation (12), the existential quantifier rules select two distinct witnesses x and z, but
the pair of mated atoms is the same.

v Ol (y7a)
F Ax.(xla),dy.(y7a)

" (la), (x7a) .

F 3x.(xla), 3y.(y7a)

(12)

We could argue that in the these two derivations should be not identified because the choice
of the witness is part of the information of the proof. In a boarder sense, it may be useful to
not identify a proof using a very elementary witness with a proof using a quite complex one.
However, because of the quite limited syntax of atoms (terms) in PiL, witness for quanfitiers
can only be varibles. Therefore, as soon as the choice of witness do not change the pairs of
atoms which are mated by the ax-rules in the derivation, such a choice can be considered
irrelevant, especially if the choice of the witness of a Vo, depends on varible previously
stored by a Vioad, which is arbitrary because of a@-equivalence. In Equation (13), we provide
an example in which the choice of the witnesses for the existential quantifier rules changes
the pair of atoms mated by the ax-rules.

a ax a ax

.xl— (x.@, (x}q) - ol (cho) .XF <wa)
mix - <)>a>, <Ma), (xf<9) m: E ()>a), (x ’(m)

N ERS N S ES

Fw (13)

3

» Theorem 27. Let D and D’ be two derivations such that D ~ D’. Then {D}} = {D’}}.

Proof. A routine induction on the size of D and D’ similarly to what done in [48]. The only
interesting new case is the rule permutation in the bottom-right of Figure 13 (i.e., in the
box), which follows by definition of {D}}. <
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» Theorem 28. Let A be a proof net on T such that A sequetializes to D. If A —* N, then
N sequentializes to a D such that Dy ~ Dy.

Proof. It suffices to check that each critical pair of coalescence steps on deductive co-trees
converge. For this, we should consider the derivations labeling each link modulo the proof
equivalence generated by local rule permutations Figure 13.

The most convoluted case is the one for the pair #/#, for which we use the same argument
in [39], remarking that the base case of induction presents no problems in our setting (where
whe have the additional information of the dualizers) because of the associativity of the join
operator on dualizers. Note that critical pairs with non-trivial confluence (i.e., non-local) are
the ones where the rule & interacts with quantifiers, and the ones of the form mix/mix and
<, /4,. Details are provided in Appendix B. <

7 Processes as Formulas

In this section we show how PiL can be used as a logical framework in which we can intepret
proofs as computation trees in the m-calculus.

First we provide a translation from processes to formulas in PiL and show that the logical
implication in PiL captures the structural congruence in the n-calculus. According to [59],
the absence of this property suggests that the logical framework may lack a robust design.

» Notation 29. Because of the monoidal laws, we consider generalized n-ary versions (with
n > 0) of the additive connectives ® and &, which are more convenient for the translation
of processes. Their inference rules are defined as expected: the n-ary version of the &-rule
keeps a unique component of the n-ary disjunction, while the n-ary version of the &-rule has
n premises containing only one of the component of the n-ary conjunction, and a copy of the
contet.

» Definition 30 (Processes-as-Formulas). The formula [P] associated to a process P is
inductively defined as follows:

[Ni] =0 [Pl Q]=[P]Z®[Q] [(vx)(P)]=Nx. [ P]
[xXy).Pl=(xly) < [P] [x?(y).P]=3y.((x7y) « [P])
(x16y < [Pc] L=y (14)

bev 42 Pedeer = (20 < TPeD - L= E: Pekecc]= & (W) < [Pe])  otheruise

We denote by || P]| the sequent obtained by removing all top-level % -connectives and nominal
quantifiers, and by removing all units from the sequent. If the obtained sequent is empty,
then we let || P]| = o.

» Corollary 31. Let P and Q be processes. If P = Q, then [Q] o [P].

» Remark 32. For a counter-example of processes which are not =-equivalent, but whose
corresponding formulas are o—-equivalent, consider the process where fresh new name is
chosen before a choice, and the one in which a fresh name is chosen after a choice.

P=(vx)(x<{€: Pc}ser) and O=x<{t: (vx)P¢}ser (15)

These processes are not equivalent modulo the structural equivalence = provided in literature
[80, 32], which is the same as the one we provide in Figure 2.

However, it is worth noticing that Milner’s original n-calculus includes the structural
equivalence in the top of Equation (16), while, at the best of our knowledge, the literature
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on the m-calculus does not include the corresponding structural equivalence in the bottom of
Equation (16), required to capture similar interactions between choices and restriction.

(vx) (A+ B)

(vx)A + (vx)B

x<{C: (vy)Pr}eer (vy) (x <{: Pr}rer) (16)
x> {C: (vy)Peloer (vy) (x> {l: Pr}rer)

This rises an interesting question on why those structural equivalences have not being used

in the literature, even if the two processes in Equation (15) have the same behavior with
respect to the results in type theory.

As shown in detail in [8], it is possible to associate to each computation tree of a process
P to an open derivation in PiL of a formula [P]), therefore to characterize deadlock-freedom
in terms of derivability in PiL. We report here only a sketch of the proof of this result.

» Theorem 33 ([8]). Let P be a process.
1. If P is a deadlock-free, then v+pi [P].
2. If P is race-free, then P is deadlock-fre iff +piL [P].

Sketch of proof. If P is deadlock-free, then each (maximal) computation tree 7 of P has
leaves Nil. Since terms are considered up-to structural equivalence, we can assume without
loss of generality that no child of a process P contains more occurrences of Nil than P. This
can be obtained by orienting the structural equivalence P | Nil = P in the natural way.

For each such tree, we define a derivation [7] by induction on the structure of 7 as
shown in Figure 14. Item 1 follows by definition. To prove Item 2, we show that we can
transform a derivation of a formula [P] into a derivation made of blocks of rules as in
Figure 14 using rule permutations from Figure 13. We conclude by remarking that it suffices
to check a unique derivation because when P is deadlock-free, then all derivations of [ P] are
equivalent with respect to the interleaving relation defined in Figure 3. <

» Remark 34. Certain works on n-calculus (e.g., [75]) restrict communication and selection
on restricted channels (i.e., communication or selection on a channel y can be performed
only if y is bound by a v). To capture such a restriction it would be sufficient to require
that an ax-rule with conclusion {x!y) and (x7y) can be applied only if the x is bounded by
a U in a sequent occurring in the derivation below the rule. In the proof net defined in
Section 5, this restriction corresponds to require that the two formulas in an axiomatic link
a={{x!y), (v?w) } of the proof net occur in the scope of a 1z such that é,(y) =8,(w) = z.

The canonicity result on proof nets with respect to the sequent calculus allows us to
provide canonical representatives of computation trees modulo inteleaving. To prove this
result not only for deadlock-free processes, we extend the syntax of proof nets to include
non-logical axioms to model open premises of a derivation.

» Definition 35. A open proof nets is a coalescent canonical co-tree A on a sequent T'.
The (top-down) translation in Figure 12 is extended from derivations to open derivations by

translating each open premise S + A1,...,A, in a the link a = {Al, .. A Y with 6, = @.
= 4"
» Theorem 36. Two computation trees of a processes P are equivalent modulo interleaving

iff they can be represented by the same open proof net.

Proof. We associate each computation tree 7 the proof net {7 }} = {[7]}} by combining
the translations in Figure 14 and Figure 12. If 7~ 77, then [T ] ~ [7”]. We conclude by
Theorem 28 that {7} = {7} <

» Corollary 37. A process P is race-free iff [ P]] admits a unique proof net.



M. Acclavio and G. Manara

(62005 (P Qla/b] | ) SEUPL LI/ IRl

ax 1479, 710, mix, o}
[ - °Ste Al oL Sre) Gy Sr[P].lQly/z]. LR
SN _Sraly < 1Pty < Qly/al] - LR

(06005 (4a).P | x7(0)-0 | B))

SF [Pl |Qall - UR]
0x)09) (Po, |00, | R) S

‘ S+ (), () S+ [P ], 1261, LR
R S+ <[P ], (x70) < [ Qg ], LR
[(vx)(v?) (xa{€: Py} x> {6: Qr}eer | R)] S+ () < [Po ], B ((x76) < [Qc])s LRI
telL

Sel =

Sk (x<{€: P} [ x0{0:Qc}rer | R)]|

}KE([I‘HHKW}

) (x<{t1:Pe} | R) ) (x < {tm : Pe,.}

[(vﬂ (x Al Pehrcqe,..tny | R)]

.....

8 Conclusion and Future Works

In this paper we presented PilL, an extension of first-order multiplicative-additive linear logic
in which non-commutativity is not obtained by considering sequents as lists of formulas (as in
[1, 74, 31]), but rather including a non-commutative binary connective, as in Retoré’s Pomset
logic [70, 71] or Guglielmi’s BV [37]. We have shown that by requiring such non-commutative
connective to also be non-associative, we can design sequent calculus in which the cut-rule is
admissible. We also provided proof nets for this logic with a polynomial-time correcntess
criterion (that is, proof nets form a proof system in the sense of [24]), polynomial-time
sequentialization and proof translation, and we showed that proof nets provide canonical
representatives of derivations modulo local rule permutations.

We recalled the result from [8], where we have shown that each derivation in PiL of the
formula [P] can be interpreted as a computation tree of the process P of the m-calculus
(defined as in [80, 32]). We then design a novel deduction-as-computation paradigm in which
we can interpret proof nets as canonical representatives of comptuation trees.

Extensions of PiL with fixpoints. In this work, we have studied the recursion-free
fragment of the m-calculus, but we foresee the possibility of modeling the following three
main approaches for the definition of infinite behaviors (see [22] for a comparison of their
expressive power). Replication (resp. iteration) could be modeled using the modality why-not
(resp. flag) defined as fixpoint of the equation 7A = A % (?A) (resp. 1A = A €« (14)) as in
parsimonious linear logic [57, 4, 5] (resp. as a “parsimonious” version of the modalities from
[69] and from [72]), and recursion using the least-fixpoint operator u from uMALL [17, 16].

Replication ‘ Iteration ‘ recursion
StIL,7A,A 4 S+rT,A <A S+T,A, uA (17)
%b b u
S+T,7A S+I,14 S+, uA

Proof systems capturing these operators should include rules allowing the definition of correct
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non-wellfounded derivations as in, e.g., [16, 4, 9]. An interesting challenge will be to find a
suitable syntax for infinitary proof nets for these systems aiming at proof canonicity rather
than to well-behavior with respect to cut-elimination as in [26, 25].

Coherent spaces for NML. As a consequence of Theorem 18 and cut-elimination, we
have that NML embeds in BV, therefore NML embeds in Pomset. Since Pomset admits a
semantics in terms of coherent spaces [70, 71], it should be possible to characterize the class
of NML theorems inside Pomset, and use this logic to study sequential algorithms [69, 28, 29].

Applications to verification. This paper represent the first step in the definition of a
novel paradigm allowing to intepret proofs as computation trees, and using proof equivalence
to identify computation trees differing from interleaving concurrency.

Our approach could be used to develop methods complementary to the ones based on
process algebras, currently lacking of way to model name mobility.

We plan to study applications of our framework such as the definition of a notion of
orthogonality for formulas based on the existence of (open) proof nets which could be
completed by set of axioms connecting them (see the notion of module in [14, 7]). This
could be used to characterize the testing preodreds [27, 40, 19], thus designing verification
tools whose efficiency relies on the low complexity of the proof net correctness criterion,
combined with the fact that a single proof net can encode an exponential number of equivalent
executions.

Towards a semantics for sequentiality. In this paper we used the non-associative
connective € to model a special form of sequentiality, the prefix operator, but we consider
extending this work to sequent calculi using graphical connectives (in the sense of [3]) to
model more complex pattern of interactions as done in [6], as well as study deep inference
systems to recover associativity of the sequential operator.
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Figure 15 Definition of =, for processes.
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Figure 16 Inductive definition of deep inference derivation and the rules in the system MAV!.

A  Embedding PiL into MAV!

We recall in Figure 16 the definition of MAV!-formulas, formula equivalence, and deep
inference derivations for MAV!. Rules have been reorganized, also relying on a stronger
formula equivalence capturing derivable equivalences involving additive connectives, to
improve readability over the intuitive reading of the formula-as-process interpretation.

» Theorem 18. Let Ay, ..., A, be formulas. If bpiL A1, ..., Apn, then byat Yy [Ai].

Proof. For each derivation D in PiL conclusion A4,...,A,, we define a deep-inference
derivation [D] in MAV! with premise o and conclusion 29", TA;] as shown in Figure 17. <«

» Remark 38. In NML we have the same connectives % and ® of BV, as well as a non-
commutative self-dual connective «, all sharing the same unit o. Moreover, as in BV, the
implications (A® B) — (A <4 B) and (A €« B) - (A% B) hold, as well as the ones proving
that o is the unit for the three connectives %, «, and ®.

However, we know from [78] that BV cannot have cut-free a sequent calculus, and the
same holds for Retore’s Pomset? which is a proper conservative extension of BV [67, 66].

9 Note that a cut-free sequent calculus for Pomset has been proposed in [76], but the side conditions of
its sequent rules cannot be checked in polynomial time. Therefore such a sequent system cannot be
considered a proper proof system, as intended in [24].
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oT ro T
o =0 ax = ail ° SFF’A/ = A’
Sto Sk (xly), (x?y) (xly) & (x?y) r! SrT.A = n
T Il T (o1 211
SFT SrA|_ foﬂrg] 3 foz& SFT,A SrBAl- 13141 ® [B]3[A]
mix ————— ®Q— s
S+TLA S+T,A®B,A [T12 ([A]1® [B]) & [A]
10011 P 22
T m roT PE i T [T1X A1 ~ [B]1®[A]
&SI—F,A St+B,A| = [T % [A] [B]1 % [I'] SHFAA SHBA|- al
SrT.A&B YT SirA«B [T <Al .
[T1% ([AT & [B]) ql T3 AT B ([AT<[B])
2 P 20
T I [T13 (TA1R [D]) ~ ([B1% [C]) & [A]

S+AAC S+B,D,A
S+tI'LA<«B,C«D

= al

o [T < [A] 3 ql((fA17?fC1)<(fB17?fD1))
[T7 % [A] (TA]<[B]) % (€T <[D1)

I 1o
o o | 12T o | r1 1413 [B]
SrT,A | = T\ [ 1A S DAL/ Bly/x] | = scopes
S+I,0x.A Scopey! [T] 2 Ox. [A] i S+ T, Ux.A, 5Ix.B [T]® u> Wx.([AT % [B1)

(Mx.[AT) % (9x.[B])

Figure 17 How to define a derivation [D] in MAV! from a derivation D in PiL, with r! € {2, ®, 3}
and O € {V,I1, 4} and O’ = O except if O = 5, in which case O’ = 2.

Thus we conjecture that the cause of the impossibility of having a cut-free sequent calculus
for Guglielmi’s BV [37] in the associativity of the connective <.

B Confluence of coalescence

» Theorem 28. Let A be a proof net on T such that A sequetializes to Da. If A —* N, then
N sequentializes to a Dpr such that Dy = Dy.

Proof. We only discuss the critical pairs for coalescence rules not already discussed in [48].
Together with the confluence diagram of each critical pair, we show the two derivations
corresponding to the two sequences of coalescence steps.

Case %/«
[—(l T T T 1 ;—ah T T T T 1
A1« B1,Ay <« B3, A3 A4, T, A — A« Bj,Ax« By,A3% Ay, T, A
L ] 1
1 l
'_a/ T T 1 [—a'b T T T 1
A1< Bl,A2< BQ,A37§)A4,F,A e A1< Bl,A2< BQ,A37§)A4,F,A
L ] 1

With 6, =6, and 64p = arp = 04 + 0Op.
The two distinct derivations labeling the link in the bottom-right corner of the diagram
according to the anticlockwise and clockwise sequence of coalescence steps are:
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S+ A Ag As 7?A4,F S+ By,Bs, A St A Ag, As, Ay, T
« %
SI-A1<B1,A2<BQ,A3,A4,F,A ~ Sl—Al,AQ,A37§)A4,F SI-Bl,BQ,A
7z <«
S I—A1 < Bl,AQ < BQ,A3??A4,F,A S I—A1 < Bl,AQ < BQ,A37§>A4,F,A
Case @/«
—a | —ab T T 1
Al < Bl,A2< BQ,A3®A4, I' A - A< Bj,Ay « BQ,A3@A4, I, A
L3 ] 1
1 \
|—a T [—ab T T 1
A1 <4 B1,As « BQ,A3®A4, F A — A< Bj,Ax« BQ,A3®A4, r,A
L, ] 1

With 6, =6, and 64p = Sarp = 04 + Op.
The two distinct derivations labeling the link in the bottom-right corner of the diagram
according to the anticlockwise and clockwise sequence of coalescence steps are:

SI—Al,AQ,Ag,F Sl—Bl,BQ,A SI—Al,AQ,Ag,F
<« g —
SI—A1<Bl,A2<BQ,A3,F,A ~ SI—Al,AQ,Ag,F SI—Bl,BQ,A
52 <
S+tA; «Bi,Ay 4« By, A3® Ay, T, A S+A; «Bi,As 4« B3,A3® Ay, T, A
Case « [«
—a —ab T T 1
A14 Bl,A2< BQ,A34 Cl,A44 Co, F A — A1< B1,As « BQ,A34 Cl,A44 Co, ', A, 2
b 1 - | 1 c
l l
—ac T —abc T T T
A1 < B{,As « BQ,A3< C1,A4< Co, F A Z — A1 < Bj,As« BQ,A3< Cl,A4< Co, T, A,
L

With 84p =64 + 0p, Sge =04+ 0 and Sgpe = 04 + Op + ¢
The two distinct derivations labeling the link in the bottom-right corner of the diagram
according to the anticlockwise and clockwise sequence of coalescence steps are:

S+ A1,A2, A3, A, T S+Cp,CoZ S+ A1,A, A3, Ay, T S+ By,B, A
) St+A,Ay, A3 « C1, Ay «C3, T2 S+ By,Bs, A ~ ) S+ A] 4«Bj,As 4« By, A3, Ay, T,A S+ C(C1,Co, %2
: S+A, 4«By,A; 4« By, A3 €« C1,A; « C3, T A X : S+A; «Bi,A; 4« B3,A3 €« C1,A; €« C3,T,A X
Case ®/«
. | ! ——ab— 1
A1 <« Bj,A2 <« B3, A3 C, T, A, Y — A; <« Bj,Ay« Bg,A3®C ' A2
L | i_(g I |
l !
ac ——abc T T T T 1
A1 <« B1,Ao 4« B3, A3 C,T',A,Y — A <« B{,A2 <« B3,A3C,I', A, X
L, | )

With 64p =64 + b, Sac =04 + 6. and Sgpe = 04 + 6p + ¢
The two distinct derivations labeling the link in the bottom-right corner of the diagram
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according to the anticlockwise and clockwise sequence of coalescence steps are:

Sl—Al,AQ,Ag,A4,F Sl—Bl,BQ,A Sl—Al,Ag,Ag,A4,F SI—C,Z
« ®
SI—Al,AQ,A3®C,F,Z S+tC, X ~ Sl—A1<Bl,A2<BQ,A3,A4,F,A Sl—Bl,BQ,A
g <
S+A); 4«By,Ay « By, A3 C, T A X S+A| «Bj,A> «By,A3C,I',A, X
Case 3/« :
T 1 —ab T 7T 1
A1< Bl,A2< BQ,HX.C,F,A e A1< Bl,A2< BQ,HX.C,F,A
L ] 1
1 A
—a T T 1 —a'b T T T 1
A1< Bl,A2< BQ,H.X.C,F,A ad A1< Bl,A2< BQ,HX.C,F,A

L, | |
With 64p = 64 +0p, 00 =64 \ {x} and 6urp = 0ap \ {x}

The two distinct derivations labeling the link in the bottom-right corner of the diagram

according to the anticlockwise and clockwise sequence of coalescence steps are:

SI—Al,Ag,C[C/x],F SI—Bl,BQ,A SI—Al,AQ,C[C/)C],F
< 3
SI—A1 <Bl,A2<BQ,C[C/x],F,A ~ Sl—Al,AQ,El)CC,F SI—Bl,BQ,A
3 <
SI—AldBl,A2<BQ,3xC,F,A SI—A1<Bl,A2<BQ,3xC,F,A
Case V/«
l—ll T T 1 —ab T T T 1
A1 < Bl,AQ < BQ, VX.C, F, A g A1 <« Bl,AQ < BQ, V)C.C, F, A
L, ] ]
l l
| T T 1 ——ab T T T 1
Al < Bl,A2 < B2, Vx.C, T, A - A1 < Bl,Ag < Bg, Vx.C, T, A
L ] ]

With 64p =64 + p.
The two distinct derivations labeling the link in the bottom-right corner of the diagram
according to the anticlockwise and clockwise sequence of coalescence steps are:

SI—Al,AQ,C,F SI—Bl,BQ,A SI—Al,AQ,C,F
< A
SI—A1<Bl,A2<BQ,C,F,A ~ SI—Al,AQ,Vx.C,F Sl‘Bl,BQ,A
v <
St+A| «Bj,Ay; « By,Vx.C,T',A St+A| «Bj,Ay « B3, Vx.C,T',A

Case Vipad/« with V € {U, d}: similarly to the case V/«, but considering the rule Voq
and the nominal quantifier V instead of V.

—a T 1 —ab T T 1
A1< Bl,A2< BQ,VX.C,F,A e A1< Bl,A2< BQ,V}C.C,F,A
L ] 1
1 l
—a I ——ab T T T 1

A1< B1,A2< BQ, VX.C, ' A - A1< Bl,A2< Bg, Vx.C, I, A

. L | |
With 6,5 =04 + 0p.
The two distinct derivations labeling the link in the bottom-right corner of the diagram
according to the anticlockwise and clockwise sequence of coalescence steps are:

XI-A1,A2,C,F Xl—Bl,BQ,A )CI—Al,AQ,C,F
< VIoad

,\’I—A1<Bl,A2<BQ,C,F,A ~ SI—Al,AQ,VX.C,F SI—Bl,BQ,A
<«
S+A| «Bj,A; « B3, Vx.C,T',A S+A| «Bj,Ay; « B3, Vx.C, T, A

Vioad
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Case V, /< with V € {I1, {I}: similar to the previous case, but considering the rule V,

instead of Vigaq-

Case Vpop/« with V € {H, 4}:
——C—— ——Cc——

I T 1 T 1 ——ab— T T T 1

A1 < Bl,AQ < B, VX.C, v+ y.D, ' A - A1 < Bl,AQ < B, VX.C, v+ y.D, I',A
I—b | 1
l l

—a'b T T T T 1

<« B1,A2 < By, Vx.C,V*y.D, T, A

[—a’ T T T 1
Ay <« Bj,As 4 B3, Vx.C,Vty.D, T, A — A
L, ] 1
With 6, =64\ {y}, 0ap = 0a +6p and 6ap = dap \ {¥}-
The two distinct derivations labeling the link in the bottom-right corner of the diagram
according to the anticlockwise and clockwise sequence of coalescence steps are:
81+ A1, A2, C, D[x/y], T

Voo
~ ppS],,\’V l-Al,AQ,C,VJ'y.D,F SQ"Bl,Bz,A
S],,\’V + Al < Bl,AQ < BQ,C,VLy.D,F,A

81+ A1, A2,C,D[x/y],T  Si+ By, B, A
<
S],SQ F A1 | Bl,AQ R | BQ,C,D[x/y],F,A

Vol
" 51.85.x" + A; « By, Ay « B5,C,V+y.D,T, A

Case 3/V|oaq with V € {1, 51}:
—4—T —4a—-
dx.A, Vy.B, T’ - dx.A, Vy.B, T’
) )
2 E— e L
Vy.B, T’

dx.A, VyB, I' — 3x.A,

With 64, =604\ {x}, 64, =6, and 64y = g,
The two distinct derivations labeling the link in the bottom-right corner of the diagram
according to the anticlockwise and clockwise sequence of coalescence steps are:

S.yV + Al¢/x],B,T S.y¥ v Alc/x],B.,T
3 Voa
ST FACABT ~ Sk Alc/x].Vy.B T
3
S+ 3x.A,Vy.B, T’

VIoad
S+3Ix.A,Vy.B, T
Case 3/V, with V € {U, d}: similar to the previous case, but considering the rule V,

instead of Vjgaq-
Case 3/Vyop with V € {1, £1}:
—efFT—tT1 —ab—T—+7
3z.A, Vx.B,Vty.C,T

Jz.A, Vx.B,VtyC, T —
]

l
T a’ 1 —a'b
B,VtyC, T — 3zA, Vx.B VtyC,T

[
Jdz.A, Vx.

With 6ap =64 \ {z}, 60 =64 \ {y} and 6ap = (64 \ {z}) \ {y}
The two distinct derivations labeling the link in the bottom-right corner of the diagram

according to the anticlockwise and clockwise sequence of coalescence steps are:
S+ Alc/z],B,Clx/y],T

S+ A[c/z],B,Cx/y],T
Voo
S+3z.A4,B,Clx/yl,T ~ "~ S.x"+ Alc/z],B,V+y.C,T
3
S,xV +3z.A,B,Viy.C,T

Veop v 1
S.xV +3z.A,B,V+y.C,T
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Case r1/ro with ri,ro € {V, Vioad, Vo} with V € {I1, d}:

—a—T1 | T
O1x.A, 0y.B, T — 0O1x.A 0y.B T
l 1

T 42—/ e

O1x.A, 0,y B,T — O1x.A 0y.B T

With 6, =6, for i € {1,2,3}.
The two distinct derivations labeling the link in the bottom-right corner of the diagram

according to the anticlockwise and clockwise sequence of coalescence steps are:

S+A,BT S+A,BT
“SEADwBT  ~ SFOWABT  ifry,rse {V,],5)
" SFOxA Dy BT P SFOA Dy BT
S.xV+A BT S.xV v+ A BT
PSSV FADYBT ~ SV rVrA BT ifr; € Mo Tioag) and ro € {¥, I, 51}
S VrA OyB.T C S FVrA OyBT

S,xV1,yV2 A, B, T S,xV1,yV2 A, BT
ro r
Sa-XVI F A7 VQyB’F ~ ' S> ,\’Vz [ le'A, BaF lf rl, r2 € {Hloadaﬂload}

r r
'SEViX.AVoy.B,T St Vix.A Voy.B,T

Case Vpop/r with r € {V, Vigad, Vo} and V € {I1, 51}

l_a |:|:c—| ab |:|:C_|
OzA Vx.B, VtyC,I' — 0zA Vx.B VtyC,T
1 !

[—a’ I a'b | | |

OzA, Vx.B ViyC,T — 0zA, Vx.B ViyC,T

With 64p = 04, 00 = 04 \ {y} and dqp = 04 \ {y}
The two distinct derivations labeling the link in the bottom-right corner of the diagram
according to the anticlockwise and clockwise sequence of coalescence steps are:

S+A,B,Clx/y],T S+A,B,Clx/y],T
r Voo
SEOzZA B, Clx/y],T ~ " 8.x"rABVY.C.,T  ifre{V¥, 1,5}
Vool r
S.x7 +Oz.A,B,V4y.C.T S.x7 +Oz.A,B,Vty.C,T
S.2°+ A,B.Cx/y],T . S.2°rAB.Clx/y,T

r v 0] 1 .
o SFOZABCLHLT  ~ 7S %" - A B Vy.CTif 1 € (Uioag, Hiosa)
0| 1 r 1
8, xV FOz.A,B,Vy.C,T S.x"V FOz.A,B,Vy.C,T
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Case &/3:
—a—T— —ad—T—
A&B, 3dx.C, ' — A&B, 3x.C, T
7 L p—1 I Y —
| I —
A&B, 3x.C, T i
|_b_|_l \
e — —c¢—r—

A&B, Ax.C,T' — A&B, 3x.C,T

With 64 =64\ {y}, Opr = 0p \ {y}7 0c =04V 0p and 6 =0 \ {y}
The two distinct derivations labeling the link in the bottom-right corner of the diagram
according to the anticlockwise and clockwise sequence of coalescence steps are:

S+ACle/x],TT S+ B,Clc/x], T S+ACle/x],IT  S+B,Clc/x],T
& 3 3
S+A&B,Clc/x],T ~ S+AIxC,T S+ B,3x.C,T
3 &
S+A&B,3x.C,T S+A&B,3x.C,T

Case &/r with r € {V, Vipad, Vo} with V € {U, d}:

—a—T— —ad—T—
A&B, Ox.C, T — A&B, Ox.C,T
|_b_|_l |_b/_l—l

¢4 —T1 1 4
A&B, Dx.C,T l
L_p—1

N <711 e —
A&B, Ox.C, T — A&B, Ox.C,T

With 6, =64, 0y =0p and 6. =6,V Op = ¢ .
The two distinct derivations labeling the link in the bottom-right corner of the diagram
according to the anticlockwise and clockwise sequence of coalescence steps are:

S+AC, T S+B,C,T S+ACT S+B,C,T
ST SrALBCT ~ SEADCT SrBOxXCT ifde{V,I, )
"SFA&B,Ox.C.T N St A&LBOxC,T
S.x%rACT SaOrBCT S.a%rACT SaPrBCT
¢ S.°FA&B,C,T ~ 'SFADxCT  StBOxCT ifre {Mosd Toad}
"SFALBOXCT N St A&B,Ox.C,T

Case r/# with r € {3,V, Wioad, Fioad, No, Ao}

#(ay,...,a;,b1,...,br,c) —  H#(H#H(a,...,a;),#(b1,...,br,c))
l )
#(al,...,al,b1,...,bk,c’) — #(#(al,...,al),#(b1,...,bk,c’))

Where either

re {V, U, do, Wioad, ioad}, thus ¢ =T, A, ¢/ =T, 0x.A, and 6. = 5.; or

r € {3, Upop, Apop}, thus c=T,A , ¢’ =T",3Ix.A and 6+ =6 \ {x}.
The derivation labelling the link in the bottom-right corner of the diagram is the same,
independently of the sequence of coalescence steps.
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Case mix/mix :

if this case applies, then the co-tree has a —~-node x with leaves on which only (mix) can
be applied to merge some of them. In particular, x must have at least three leaves «,
b and ¢ such that, without loss of generaltity, a (mix) can be appliet to merge a and
b, or to merge b and c. Let ab be the link obtained by applying a (mix) step to merge
a and b. To conclude it suffices to remark that we can always find a continuation of
the coalescence path containing such step (mix) which also contain another step (mix)
merging ¢ and the link obtained by applying coalescence steps involving ab. This follows
from the fact that the side condition of the step (mix) implies that, if exists, the least
common ancestor (in the forest of T') of two formulas from two links which could be have
been merged using a step (mix) must be a %. Thus, under the conditio that A is a proof
net, once we cannot apply any more coalescence step to a link obtained from ab, we are
still able to apply a (mix) step to merge it with c.

Case <, /<,: similar to the previous case.

Finally, we have the following special additional cases, in which the dualizer is not the
same, but the proof nets are.

Case Upop/Apop:

e — e
NxA dy.B, I — UxA dy.B, T

! !

rd——— —e—T—

NxA dy.B, T — Ux.A dy.B, T

where 6, =04 =6, =, \ {y}.
The two distinct derivations labeling the link in the bottom-right corner of the diagram
according to the anticlockwise and clockwise sequence of coalescence steps are:

S+T,A,B[x/y] S+T,Al[y/x],B
My Apo
D = ST AAYB ~ SR LUAB = Dy
I/Ioa Hoa
“' S+ T, 1x.A, $ly.B 'S+, Wx.A, $Iy.B

Where D7 = Do because

; S+T,Alz/x], Blz/y] . S+ T, Alz/x], B[z/x]
Dy~ SR AlZ/x] Ay B~ 8.2 DA, Blz/x] ~w Do
MOB Hoa
St Wx.A, dy.B ST, Ux.A, Sx.B

» Remark 39. As already observed in [48], coalescence is not confluent on non-coalescent
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co-tree, as shown in the following examples.

—ab T T T T 1
A1< Bl,A2< BQ,A3< Cl,A4< CQ,F,A
—¢ L 1
[ T T I — / ‘
A1 <4 B1,As « BQ,A3< Ci1,Ay <« Cy, T, A
L | |
b \l l—(lc T T T T 1
A14 B],A2< BQ,A3< Cl,A4< CQ,F,A
I_b I 1
|—ab T T T 1
A1 <4 Bi,As 4« B5,A3 C, T", A
c L c—
I T T ’_'_| 4
AL <« B1,As <« B3, A3 C, T, A
L ] 1
b \n —ac T T T 1

A1< Bl,A2< BQ,A3® C,T,A
L ] 1
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