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Abstract

In this paper we provide two new semantics for proofs in the constructive
modal logics CK and CD.

The first semantics is given by extending the syntax of combinatorial proofs for
propositional intuitionistic logic, in which proofs are factorised in a linear fragment
(arena net) and a parallel weakening-contraction fragment (skew fibration). In
particular we provide an encoding of modal formulas by means of directed graphs
(modal arenas), and an encoding of linear proofs as modal arenas equipped with
vertex partitions satisfying topological criteria.

The second semantics is given by means of winning innocent strategies of a
two-player game over modal arenas. This is given by extending the Heijltjes-
Hughes-Straburger correspondence between intuitionistic combinatorial proofs
and winning innocent strategies in a Hyland-Ong arena. Using our first result,
we provide a characterisation of winning strategies for games on a modal arena
corresponding to proofs with modalities.

1 Introduction

Semantics is the area of logic concerned with specifying the meaning of the logical
constructs. We distinguish between two main kind of semantic approach to logic. The
first, the model-theoretic approach, is concerned with specifying the meaning of formu-
las in terms of truth in some model. The second, the denotational semantic approach,
is concerned with specifying the meaning of proofs of the logic under a compositional
point of view. Proofs are interpreted as mathematical objects called denotation, and the
meaning of composed proofs is obtained by composing denotations.

Modal logics are extensions of classical logic making use of modalities to qualify
the truth of a judgement. According with the interpretation of such modalities, modal
logics find applications, for example, in knowledge representation [40], artificial in-
telligence [33]] and verification [21]. More precisely, modal logics are obtained by
extending classical logic with a modality operator O (together with its dual operator
<), which are usually interpreted as necessity (respectively possibility).

When we move from the classical to the intuitionistic setting we are forced to
make some choices since there are many different flavours of “intuitionistic modal
logics” (see, e.g., [15, 136,135, 37, 9L [13]]). This range of possible extensions of the in-
tuitionistic logic depends on the fact that the classical k-axiom O(A > B) > (DA D OB)
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Figure 1: Above: three derivations of the formula ¥ = O((b > b) D a) > (Oc D
O(a A a)) together with their corresponding CK-ICP. Below: the three maximal views
on the modal arena of F in the CK-WIS corresponding to the above proofs.

is no longer sufficient to express the behaviour of the modality < as it is no longer the
dual of 0. We here consider the minimal approach and only add the axiom 0O(A > B) D
(©A D OB), leading to what in the literature is now called constructive modal logics
[36} 19, 1201 132, [14} 27].

Both the denotational approach and the model-theoretic approach have been de-
veloped in the literature on constructive modal logics. One of the desired feature of
denotational models is full completeness: in a full complete model every denotation is
the interpretation of some proof. Reasoning about the property of full complete mod-
els allows one to have a syntax-free characterization of the property of proofs. We say
that a denotational model is concrete if its elements are not obtained by the quotient
on proofs induced by cut-elimination. To our knowledge, the only full complete de-
notational model for this logic is not concrete since defined by the quotient of their
A-calculi with respect to S-reduction [7, 9]

The purpose of this paper is to lay the foundations for a concrete denotational full
complete model in terms of a game semantics [1, 26| [31]] for this logic by providing
a definition of proofs denotations. Game semantics is a denotational semantics where
proofs are denoted by winning strategies for a two-player game. In [39] it is shown how
the syntax of intuitionistic combinatorial proofs (or ICPs), a graphical proof system for
propositional intuitionistic logic, provides some intuitive insights about the innocent
winning strategies (or WISs) in a Hyland-Ong arena [26), [34]. In order to define WIS
for constructive modal logics we extend this correspondence. For this, we first provide
the definition ICPs for these logics as shown in Figure[T]

Intuitionistic combinatorial proofs.

The syntax of combinatorial proofs has been introduced to address the problem of



proof equivalence for classical logic [23] [24]. In the last years this syntax has been
extended to modal logics [S], multiplicative linear logic with exponentials [2], relevant
logics [4}, [8]], first order logic [25]], and intuitionistic propositional logic [39]. Com-
binatorial proofs allow to represent “syntax-free” proofs, that is, to represent proofs
independently from a specific proof system [3| [38]]. As consequence, we are able to
identify proofs up to some rules permutations, which is the reason why we also refer
to combinatorial proof as a semantics for proofs.

In the syntax of ICPs, formulas are represented by arenas, which are specific di-
rected acyclic graphs,

[(>>b)d>a)d(@ana)]l = b—by—ar—a, ,a, (1)

and proofs of a formula F are represented as specific graph homomorphisms, called
skew fibrations, from an arena net (i.e. an arena with an equivalence relation ~ over
vertices satisfying some topological conditions) to the arena of F. In the example
below, we represent the ~-partitions by dashed edges, the skew fibration by dotted
arrows, and we write the conclusion F as formula on the left and as arena on the right.
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But both represent the same ICP.

In order to represent proofs of modal formulas, we define modal arenas (or MAs),
i.e. we characterise labeled dags with two type of edges which can be uniquely asso-
ciated to formulas

O0—0—0
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We then identify the topological conditions which allows us to represent proofs as skew
fibrations from a modal arena net to the MA representing the formula to prove.

A\ Y Y A\ w A\ Y A\
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In particular, each ~-class (which we represent by linking its vertices by means of
dashed edges) in the partition represent either an axiom pairing two atom-labeled ver-
tices, or a set of modalities introduced by a single application of an axiom k.

Game semantics for constructive modal logic. In intuitionistic propositional
logic, we consider two-players games played on the arena of a formula F (we denote



the players by o and e, but in the literature they are denoted by O and P, standing for
opponent and proponent).

Each play consists of an alternation of o-moves and e-moves, that are vertices of
the arena of F. The first move in a play is a o-move selected among the — -roots of the
arena of F'. Each subsequent move of a player must be justified by a previous move of
the other player, that is, the selected vertex must —-point a vertex previously played by
the other player. The game terminates when one player has no possible moves, losing
the play.

A winning innocent strategy (for e) is a set of plays which takes into account every
possible o-move, while each e-move is uniquely determined (and justified) by one of
the previous o-moves.

As shown in [39], the winning strategy over the arena in Equation (T)) with maximal
views

agayboby and  ayaibyb]
can be seen as the image of specific paths in the arena net by the skew fibration in
the ICP in Equation (2)). Such paths are the ones in which the o-move is followed by
the unique e-move in the same ~-class. In this paper we show that a similar corre-
spondence can be established for constructive modal logics, provided some additional
conditions on winning strategies for modal arenas (see Figure [I)).

In fact, the presence of modalities requires a new notion of frames in a play: when-
ever o plays a move in the scope of a new modality, that is, a modality whose scope
contains no previous moves of the play, the next e-move must be in the scope of the
same number of modalities. This allows us to establish a relation between the modal-
ities in the modal arena and to group them in frames accordingly. Intuitively, frames
allow to certify the correct application of the modal axioms.

Outcomes of the paper. In this paper we provide the definition of ICPs and WISs
for the constructive modal logics CK and CD. For this purpose, we show a decomposi-
tion theorem allowing to transform proofs of a formula into factorised proofs, that are
proofs consisting of a linear part and a weakening-contraction part. We show sound-
ness and completeness of these semantics and we prove the following full completeness
result:

{factorised proof of F} - {ICPS of F} - {W|SS on [[F]]}

To our knowledge no game semantics for modal logic are discussed in the literature.
Our game semantics approach paves the way to concrete full-complete denotational
models for modal logics.

Organisation of the paper. In Section 2] we show a decomposition theorem by
providing a polarized sequent calculus [29}30]] which also include some deep inference
rules [18, 10, [16]; in Section E] we establish a correspondence between certain labeled
directed graphs (modal arenas) and modal formulas; these graphs, enriched with a
partition of their vertices, are used in Section || to encode linear proofs; moreover, in
Section [5| we show how to represent structural derivations by means of skew fibrations
between modal arenas; in Section E] we provide a definition of ICPs for CK and CD,
and in Section [7] we use them to define winning innocent strategies for these logics.



I'rA AA+B i I''A,A+B I'+B
cut ——
avra I'A+B I'A+B IA+B

IA+B RFI—A AB+rC LFI—A A+ B RF,A,BI—C L
D o) A
I'-ADB IA,ADB+C I ,A+AAB ILAABrC
T'rA AT+ B I'rA I'rA
KD o 1
al’ + 0A CA, O + OB oL, ol +OA al' - A
IMLL = {AX,2R ot AL AR) LI = IMLLU{C, W}
IMLL-CK = IMLL U {K", K®, K*} LCK = LIU{K"Y K®)

IMLL-CD IMLL U {K",K®, D} LCD = LIU{K",K® D}

Figure 2: Sequent rules and sequent systems for constructive modal logics considered
in this paper
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Figure 3: Polarised sequent rules and polarised sequent systems for the constructive
modal logics considered in this paper
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Figure 4: Deep inference rules for weakening and contraction

2 Preliminaries on Constructive modal logics

In this paper we consider the modal formulas generated by a countable set of (atomic)
propositional variables A = {a, b, . .. } via the following grammar

AB:= a|A>DB|AAB|OA|OGA|OL

and we say that a formula is modality-free if it contains no occurrences of O and <.
We consider the variant of intuitionistic modal logic CK called constructive modal
logic 6, 9} [32] 1411 28] defined by adding to the intuitionistic propositional logic the



necessitation rule
If F is provable, then OF is provable

and the two following axiom schemes k; and k.
ki: O(A D B) D (0A D OB) ky: O(A D B) D (CA D OB)

A further extension of this logic, denoted CD, can be obtained by adding the fol-
lowing axiom scheme
d: DA D CA

In this paper we consider the fragment of CK and CD containing only implication
and conjunction given by the rules and sytems in Figure 2] since these suffice to express
A-calculi with pairs for these logics.

We remark that the presence of ¢ L is not standard for the unit-free fragment. In
fact, no rule can introduce this formula in LCK and LCD. However, it plays a special
role in some results in this paper since its purpose is to represent a “placeholder” for a
&-formula which may be introduced by a weakening rule but whose occurrence is not
a negligible information in the proof.

Theorem 1. The sequent system LX is a sound and complete proof system for the
disjunction-free fragment of the logic X for all X € {CK,CD}. Moreover, LX satisfies
cut-elimination property.

Proof. In [28] there are provided sound and complete systems for these logics. These
systems are proven to be analytic, i.e. satisfying cut-elimination property. Thus we can
extract the desired disjunction-free calculi. O

In order to define combinatorial proofs for a given logic, we need to have a de-
composition theorem which lets us factorize proofs in a linear part, capturing the logic
interactions between the components of the proof, and a resource management part,
capturing resources duplication or erasing.

To achieve this decomposition result for the logics considered in this paper, we use
the sound and complete cut-free sequent systems provided in [30] to define new rule
systems in which we make use of deep inference rules [17} (18, [10l [16], that is, rules
which can be applied deep inside a formula in any context. The use of deep inference
rules allows us to push down in a derivation all the occurrences of weakening and
contractions. In particular, as done in [5]] for classical modal logic, we consider K and
D as part of the logic interaction of a proof.

Polarized formulas

However, a difficulty arises in applying such permutations in the intuitionistic setting
since weakening and contraction rules may be performed only on the left-hand-side for-
mulas in a sequent. In order to assure the correctness of deep applications of weakening
and contraction rules, we introduce a syntax using polarized formulas (or P-formulas)
to represent a two-sided single-conclusion calculus by a polarized one-sided sequent
calculus, as done in [30]. This allows us to keep track of which subformulas in a
sequent I" occurred on the left-hand-side of a sequent occurring in a derivation of I
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Figure 5: Rule permutations for w*®

We define the set of P-formulas as the set generated by A = {a,b,...} using the
following grammar

A°,B°:=a° | A° ®@ B° | A® — B° | OA° | OA°
A*,B*:=a" |A*®@ B* |A° — B* |OA® | OA* | OL®

A context is a sequent I'{} in which one atom occurrence is been replaced by the hole {}.
In order to improve readability, we omit to write polarities on subformulas since
they can be deduced as follows:

e if (A — B)°, then A® and B°;
e if (A — B)®, then A° and B*;
e if (A ® B)°, then A° and B°;
e if (A ® B)®, then A® and B®;
e if DA or OA°, then A°;
e if OA® or OA®, then A®;

For P-formulas, we define the sequent rules as systems in Figure 3] and deep rules
in Figure[d] In particular, the rules in Figure[3|can be obtained by the ones in Figure
by encoding any two sided sequent I', B - A as the one-side sequent ['*, B*, A°.

Polarized formulas allow us to restrain the application of the deep rules only to
specific subformulas. In particular, we can apply ¢®, w®, w* (W™) to the formulas which
occurs as a e-formula (respectively o-formula) in a sequent occurring in the derivation.

If H is a P-formula, we denote by | H] the formula obtained by removing all po-
larities occurring in H and replacing the ® and — symbols respectively with A and
. This translation induces a correspondence between the systems in Figure 2] and in
Figure [3] However, the interest in introducing the polarized systems depends on the
following result.
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Notation 2. If S is a set of rules, we write F’ = F if there is a derivation from F’

N
to F using rules in S. Moreover, we write — F if there is a proof of F in §, i.e. a
derivation using rules in §' form the empty premise.

Theorem 3. Let X € {CK, CD} and H be a P-formula, then

LX LXx®
o — |H|iff — H;

IMLL=X IMLL-X®

o — [H]iff — H.

X©
Theorem 4 (Decomposition). Let X € {K,D} and H be a P-formula. Then )L— H iff

0
IMLL-X® Ly

— H —H.

Proof. Let us consider an LX°-derivation of H. We replace every occurrence of a c*
by a ®° followed by a CI. We then permute every occurrence of W® and rules in LI} by
applying independent rule permutations plus the permutations in Figure [5 replacing a
w* into a w®, WIO or w®. Observe since H is a P-formula, then no w*-rule occurs in the
derivation at the end of this procedure. We conclude by permuting all deep-weakening
and deep-contraction rules down in the derivation.

During this process, depending on the presence of k* or d in CX, an occurrence of

a k® may be replaced in two different ways: either by k* followed by a Wf orbyad
followed by a w*® as shown below:
B*,C° B, C° B, C°
_— W ey — Kkt or " 4
A*,B*,C° oLt,0B%, OC° oB*, oC°
T ke YT W Y W
OA®,0B°, OC° ©A*,OB*,0C° ' ©A®,OB,0C°
To prove the converse it suffice to revert the previous procedure. O

If F is a formula, we call a factorised proof of F a derivation in IMLL-X® U LI} of

0
IMLL-X® R

the form — H’ +— H, for H and H' P-formulas such that F = | H].

3 Modal arenas

In this section we establish a correspondence between modal formulas and a family of
labeled directed graphs we call modal arenas. These are employed in this paper in the
definition of intuitionistic combinatorial proofs and games.

A directed graph G = (Vg, g») is given by a set of vertices Vg and a set of direct
edges LA C Vg xVg. If V' C Vg, we say that (V’, — N (V' x V")) is the subgraph of G
induced by V'. We write ugv, u -%v, ugv and ugv if respectively uv € g, uy ¢ g,
vu € g and uv € g U 3 A vertex vis a g>-mot, denoted v - if there is no vertex w
such that vgw. We call ﬁg: {v | v-5} the set of g>-r00ts of G.



A path from v to w of length n is a sequence of vertices xy . .. x,, such that v = xo,

w = x, and xigx,-+1 fori € {0,...,n — 1}. We write vg*w (vg”w) if there is a path
(respectively a path of length n) from v to w. A directed acyclic graph (or dag for

short) is a direct graph such that vg”v impliesn =0 forallve V.
A two-color directed acyclic graph (or 2-dag for short) G = (Vg, g, «%) is given

by a set of vertices Vg and two disjoint sets of edges 5 and «% such that the graph

(Vg, = U ~) is acyclic. We denote < = — U < and «» = ~» U «». We omit the

superscript when clear from context.

If £ is aset, a 2-dag is L-labeled if a label {(v) € L is associated to each vertex
v € V. In this paper we fix the set of labels to be the set £ = A U {O, O}, where A is
the set of propositional variables occurring in formulas.

Definition 5. Let G and H be 2-dags, we denote by Rﬁl the set of edges from the

—-roots of G to the —-roots of H, that is Rf{ ={(u,v) | u GI_?)g, v eﬁw}.
We define the following operations on 2-dags:

H H
Q+7‘{=<VQUV<H,E>U—> ,Ng\')U'VV) )
G H G G H
G>H=VgUVy,>U>UR] , U~ )
H G H
GoH=(VgUVy, 5028 % U5 URS )

which can be pictured as follows, with » representing the — -roots of each graph.

G+H G>H G~>H
> >
ol [eha [l

> >
e g

We use the notation a, - and o for the graph consisting of a single vertex labeled
respectively by a, O and ¢. If F is a formula, we define a L-labeled 2-dag [F] induc-
tively as follows:

[al = a [oL] = ¢
[A > B] [Al->[B] [CA] o ~>[A] )
[AAB] [Al + [B] [CAl = o ~>[A]

Using the same notation, if H is a P-formula and F the formula such that F = | H], we
denote by [H] the 2-dag [F].

In order to characterize those 2-dags that are encoding of formulas, we require
some additional definitions.

Definition 6. A L-labeled dag G = (V, g) isaarena if Vg # 0 and if it is

e L-free: if a—u and a—»w—v then u—v;



e X-free: ifa—v, a—w, b—>w and b—u then a—u or b—v;

That is, the following induced subgraphs are forbidden.

L-free >-free
w a->v
7N N
a V w
N d
u b>u

We recall some results from [39] on arenas and modality-free formulas.

Lemma 7 ([39]). In an arena, if v—"y and w—"y, then {v—"} C {w—"} or {fw—"} C
{(v—"} where {u—*} = {x | u—Fx}.

Theorem 8 ([39]). A graph G is an arena iff there is a modality-free formula F such
that G = [ F].

Definition 9. A modal arena (or MA) G = (Vg, 5, <5) is an L-labeled 2-dag such
that

e (V,—)is an arena;

e ~v» is modal, that is:

if v~mow and wwsu, then v~ u (transitivity);

if v~»w and u~»w, then usvv;

if v~mow and v~ u, then u A w;

if vv»w and u—v, then u—w;

if v~~»w and v—u, then w—u;

if v~»w and w—u, then v—ou;

e G is properly labeled:
— if v~ow, then £(v) € {O, O};

— if £(v) = O, then there is a w such that v~sw.

We denote by V7, Ve and V; the subsets of vertices of G with labels respectively in
A, {O} and {O}. We call atomic the vertices in Vg‘ and modal the ones in Vg’ = V;U V;.

From Lemma [7|we can prove the following:

Lemma 10. Let G be a MA and u,v,w € Vg. If v~ow then:
e visa —-rootiff wis a —-root;
o vy iffw—"u;

o ifu—"v then u—"w.

10



Proof. The first statement follows the fact that in a MA if v~sw, then v—u iff w—u.
The second statement is proven using the same argument, proceeding by induction on
n making use of Lemma(7] The third statement is also proven using Lemma[7]and the
fact that in a MA if v~»w and u—v, then u—w. O

Lemma 11. If F is a formula, then the L-labeled 2-dag [F] is an MA.

Proof. The right-to-left implication is proven by induction over the number of con-
nectives and modalities of a formula. It suffices to remark that the graph operations
+ and —> cannot introduce forbidden MA configurations. Similarly, the operation ~>
introduces no forbidden configurations whenever G = G| ~>G, with G, a single vertex
graph of the form - or ¢. O

For proving the converse, we need the following concept. If v € V°° is a vertex in a
MA, then we define the ~»-cone of v as the set of vertices

8(\1) = {w | there is u such that v~»u, w—"u and w 4 *v}

Intuitively, the cone of a modal vertex delimits the subformula in the scope of the
corresponding modality.

Example 12. Consider the formula F = (a > O(b A (¢ D ¢d))) D (e D f) and its MA

The O modality has subformula b A (¢ D <d), the first & has subformula d and the
second ¢ (denoted ¢’ on the graph) has subformula e > f. The corresponding ~»>-

cones are G(0) = {b, ¢, &, d), C(©) = {d) and C(O') = {e, Il

If v is a vertex of a MA G, we call the principal modal vertex of v the uniqueE] vertex

¥ such that v 66(\7) and for all m # ¥ such that v e&(m), then ¥ eé(m). We write v =¥
if there is no m such that m~»v. To have an intuition consider a formula F, the MA
G = [F] and the formula tree 7. If ¥ # v, then the vertex ¥ corresponds to the root
of the smaller subtree of F' with root labeled by a modality which contains the node
corresponding to v. If ¥ = v, then such a node does not exist. By means of example,
inExamplewehave& =a, o= b=c¢= D,EJ =<%ande = j‘z ¢, 8 = O and
& =9

Theorem 13. Let G be a L-labeled 2-dag. If G is a MA, then there is a formula F such
that G = [ F].

Proof. We proceed by induction on the size of G. If [Vg| = 1 then if £(v) € A, then

F =ae A if {(v) = ¢ then F = ¢L. Otherwise, since (Vg, g) is a arena, we
conclude by Lemma[7] (see [39]) that

'Tts uniqueness follows by definition of MA.

11



1. either every vertex in Vg\ I—ég has a —-paths to all roots in I_ég,

2. or I_ég admits a partition I_ég: R WR, such that any vertex in G has —-paths only
to roots in one of the two sets.

If|1|holds, then we define G, as the MA obtained from G taking the vertices in

V) =§g U( U 6(\’))

-
VERg

and G, as the MA over the remaining vertices V; = Vg \ V,. Since each vertex in G has
a path to all the roots in I_i;g, then there is a — from any root of G, to any root of G,.
Since by definition Rg,=Rg, then we have that G = G, ->G».

If holds and ﬁg: R W R, with R| and R, non-empty sets. Since ~» is modal, we
have the following possibilities:

(a) if Ry = {v} and v~»w for all w € R,, then there is no u such that u—v. Otherwise
u—v and u—w for all w such that v~»w, that is for all w € R,. This implies that

u~>w for all w eﬁg, which contradicts the hypothesis [2| Thus we conclude that
G = v~>G’ where G’ is the MA with vertices 8(11);

(b) if there are no w»-edges between R; and R, then G = G| + G, where G| and
G» are the the MAs with vertices V| = {v | v»*wforaw € Rj}and V, = {v |
v—*w foraw € R,}. In fact by definition there are no —-edges between vertices
in V| and V, otherwise by Lemma we should have R| = R,. Similarly there are
no w»-edges between vertices in V; and V, since there are no ~»-edges between
R, and R, (by hypothesis) and if there is v € V| \ R; and w € V, such that v~ow,
then by Lemma@]w ¢ R, and we should have again R| = R»;

(c) otherwise, we pick a v eﬁg ol Nﬁg and define Ry = {v} U {w | v»w} and R, =ﬁg

\R;. If there is no u eﬁg such that wyu, then R =ﬁg and we conclude by @) If
R, # 0,then we define V, = {v |v—>*wforaw e Ri}and V, = {v |v>"wforaw €
R,} and we conclude by (b).

O

As result of Lemma [11{ and Theorem we have the following correspondence
between formulas and MAs:

Theorem 14. A L-labeled 2-dag G is a MA iff there is a formula F such that G = [F].

We define the formula isomorphism as the equivalence relation over formulas L
generated by the following relations:

AANBLYBAA  AABACOLAABAC

AAB)>CLA>B>C) ©)
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Proposition 15. If F and G are two formulas and L the equivalence relation defined
in Equation (5) then
FLG = [F]=[G]

Proof. By induction using the definition of the MAs operations +, <> and ~>. ]

4 Modal Arena Nets

In this section we show the correspondence between (linear) proofs in IMLL-CK and
IMLL-CD, and respectively CK- and CD-arena nets, that are, modal arenas equipped
with a an equivalence relation over vertices satisfying specific topological conditions.

Definition 16. A partitioned modal arena G = (Vg, g,«%, g) is given by a MA

(Vg, —, ~) together with an equivalence relation g over vertices such that:
o ifve Vgﬂ and vgw, then w € Vg{ and £(v) = {(w);

o ifve Vg{, then vgw for a unique w € Vg{.

In a partitioned modal arena we represent the equivalence relation ~ by drawing
a (dashed non-oriented blue) edge v- -w between two distinct vertices in the same ~-
class. For better readability, we only represent a minimal subset of these edges relying
on the fact that ~ is an equivalence relation. By means of example, if {u, v, w} is an
~-class, we may represent u- -v- -w omitting the edge between u and w.

We say that a formula (or P-formula) F is associated to G if [ F] = (Vg, g «%).

Remark 17. If v and w are vertices in a partitioned modal arena G such that vgw, then
Ve Vg iff we Vg.

If G is an arena, we define d(v) as the length of the longest —-paths from v to a

root w EEg. The parity of a vertex v is the parity of d(v). We denote by v° and v* if the
parity of v is respectively even or odd.

Remark 18. In a arena G, if v and w are vertices such that d(v) = n > 0 and vg*w

- G
and w €Rg, then v—"w.

The parity of a —-edge v—w is the parity of d(w). We say that an edge v—w is
a chord if there is a vertex u such that either v—u and u~»>w; or u—w and u~»v. By
means of example, in the following MAs the edges a— b are chords.

a——0 Oo——b

b a
We denote by _g). the set of odd edges which are not chords.

13



Moreover, we define the set of edges

G . o o
~r5 = {vw | either v’ and w = Dor w® and w = D}

Note that v*~»4w® implies v*~»w®, while v°~»43w° implies w°~»v°. That is, if DA is
right-hand side formula of a sequent (i.e., OA®), then we have a ~»4 from the vertex o
to all the —-roots of [A]; while if OA is left-hand side formula of a sequent (i.e., OA®),
then we have a ~» 4 from the —-roots of [A]] to the vertex -.

Definition 19. A partitioned modal arena G is linked if every € _class is of the form
{v},..., v, w}. This induces the set directed edges £ - {(v,w) | v'»ng"}. The linking
graph G of amodal arena is the direct graph with vertices Vg and edges —>g. U “%a U ﬁ

~ - pad . .
We say that path in G is checked if it starts from a vertex in Rg N Rg and it contains

no — with source v with 6(\/) 0.
A CK-arena net is a non-empty linked modal arena which satisfies conditions
below:

1. G is acyclic: every checked path is acyclic;

~ ~
2. G is functional: every checked path in G from a vertex v® to a root includes a
vertex w° such that v—w;

3. G is functorial: if v~»w and w~w’ then there is v’ such that v~V and v/ ~»w';

4. G has almost all non-empty modalitiesﬁ ifve Vg and there is no w € Vg such
that v~»w, then v € Vé;

5. G is CK-correct: if 1R IR T B Vg U V; is a ~-class, then either
VisV2, .oy Vi, W E Vé or there is a unique i such that v;,w € Vé.

A modal arena is a CD-arena net if it satisfies Conditions [T}j3] plus the following:

6. G has all non-empty modalities: if v € Vg, then there is w € Vg such that v~sw;

7. G is CD-correct: if V5, w) C VS U Vé is a ~-class, then either
Vi, V2., VW € V2 or w € V¢ there is at most one i € {1,...,n} such that
G G
V; € V;

A modal arena net is either a CK- or a CD-arena net. An arena net is a modal arena
net with V°° = (). Note that in this case Conditions [51 [6]and 7] are vacuous.

The intuition for Conditions [5|and [7]is that ~-classes represent either atoms paired
by an AX, or the set of modalities introduced by a same K7, K, K* or D-rule. Following
this intuition, if ¢ = {vg,v{,...,v,} C Vg is a ~-class, then the modal arena with

vertices (,ec 6(\/) corresponds the sub-proof of the premise of any such rule.

2The only empty modality admitted is a ©*, that is, the o which corresponds to a <> 1* introduced by a
K+-rule.
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F.G6rH FrG JK+H_| FrG IvJ 4 F.IIrK |
ax »} )
a==3a F +r G>H F,.9.G>K+H FI+G+T F.I+IrK
Gr.....GurH|E) @ G1.....Gur H ) o
(u«bgl,...,u»gnru»(i{l 2y <m>gl,..l,<>~>g,»,...,m>gnr<>~;>(H| Xy
G-, gnmﬂ% o G Gur HIE)
(0.09G1.....o0G FowH | LU L) (@5G1.....o0G FowH | LU L)
where X = {{x,y} | x and y vertices in the rule conclusion not occurring in the premise}

Figure 6: Translation of the sequent rules in IMLL-CK and IMLL-CD into modal arena
nets rules

C—)b C b
| 1 !
, e o ]
in in out
ci”ﬁ? S - e
a=—>a
I a—— AX —AX
of o ara |
AX D "
ara ool Satra of +og" L
KE - - o
cre OatDa_ a AX oo, o — a,a — Of F O™
—_— D N> — - - A
ccobarba cre o, @ D> a) A (a Do)+ ot L
) D - -
¢k (cD0a)D0Oa brb | c,ed> oM, @' D a)A(adof) - ot
n - D — aX
¢,((coOa)>0a)>hbt+b ¢, @' 2>a)Aadof)F (c>aofh > o brb |

@ oayA@dOf),(co2o) >0 Dbrb

Figure 7: A K-arena net G with associated formula (¢ A ((¢c D Oa) D Oa) D b) D b, its
corresponding arena 0(G), the derivations associated to G and 9(G)

Lemma 20. Let X € {CK, CD}. IfmbﬂiX F, then there is a X-arenanet G = (Vg, g, «% g)
such that [F] = (Vg, g, «%).

Proof. Let m be a derivation of F in IMLL-X. We proceed by induction translating
the derivation 7 of the formula F in a derivation of a modal arena G (with associated
formula F) in the system described by the rules in Figure [f]

By definition, each rule in IMLL-X preserves X-arena net conditions, that is, if the
premises of a rule are X-arena nets, then the conclusion is. In particular, Condition |§|
fails for the rule D. Similarly, each rule except K* preserves the CD-arena net condi-
tions. |

Lemma 21. Let X € {CK,CD} and G a modal arena with associated formula F. If G

. IMLL=X
is a X-arena net, then — F.

Proof. We prove the theorem for CK-arena nets.
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To prove this theorem we define from the CK-arena net G, with associated formula
F, an arena net (&) with associated formula d(F). We then use use of the result in [39]
on (non-modal) arena nets to produce an IMLL-derivation of §(F). Then we conclude
by showing how to define a IMLL-X-derivation of F using the IMLL-derivation of d(F).

Step 1: definition of 9(G). If G = (Vg, g, A%, Q> is a CK-arena net, we write v Iw
either if P~w, or if v = ¥ and w = W, that is, v 3w iff both v and w belongs to the scope
of a same modality or in the scope of no modality.

We define the arena J(G) by removing all ~»-edges in G and keeping only the —
between vertices v,w € Vg such that v Yw. Then we replace each modal vertex v by
a pair of —-linked vertices v'",v°"! in such a way that the vertex v"" keeps track of the
subformulas of the modality, while v°"! is a placeholder to keep track of the interaction
of the subformulas with the context. G

Formally we define (G) = (0(Vg), G(g U w), 0@) by:

o 0(Vg) = Vg‘ U {pin,vodt |y e Vg}

e J(— U ~») is the union of the following sets where we assume u,v € Vg and
I*,r°,m,n,p e Vg}:

{(u,v) | u3vand u—v}

{(l°“t, rout) | l—*r}

{(u, 7™, (" v) | 1 =D, r = @t)

{(u, mOYY), (M, v) | u—m—v,m Tu v}
{(mout’ nout)7 (nout’ pout) | m—n—p,m i”l ip}

C is defined as:

a :
V9% ifvwe Vg‘ C d(Vg) and viw
Yin? @ 0ut for each v e vy

See the first line of Figures[7]and 8] for running examples.

We observe that if g, vl vl isa g-class of modal vertices, then a P-formula
associated to G is of the form

H = H{{(vo)AgHE(v1AT) - - {(v)AG)

for an (n + 1)-ary context H{}---{}. In this case, a P-formula associated to the arena
d(G) is of the form
O(H) = OV ") - - (v HH)

n c

with d(H){} - - - {} is an (n + 2)-ary context, vil.", vf’“t are fresh propositional variables for
alli € {0,...,n}and

H = (0 = 04D ® -+ @ " — (AD) > 9(A) W8’
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Step 2: prove that 0(G) is an arena net.
We observe that, by definition of 9(G), every path d(p) in d(G) can be constructed
from a checked path p in G by induction:

o the empty path is a path in both E and 6(%);
e if p=v.p’ then
- ifve Vg‘, then d(p) = v - (p)';
- if v* € Vg, then d(p) = VOt i H(p);
— if v° € V¥, then a(p) = V" - v* - 3(p)’;

We remark that the parity of atomic vertices is preserved by 0, while the parity of a
modal vertex v € Vg is the same of the corresponding vertex v*" € V). Since if v*
then 1v°U' =" and if v° then V" —1°4 then we have that in (@) an even (odd) vertex

may occur only in a even (odd) posmon in a path in g We conclude since from any

out _, out

path in 6(@) we obtain a path in Q by replacing every subpath v " and V" —1°

by a the corresponding modal vertex v in G.
By this correspondence between checked paths in G and paths in d(G) we conclude

~
that 9(G) is acyclic and functional. That is, (@) is an arena net.

Step 3: construct the derivation associated to d(G). Since 0(G) is an arena net,
then we apply the result in [39] to produce a derivation in IMLL of the formula 6(F). In
such a derivation, by functionality and functoriality of G, whenever v and w are modal
vertices such that v—w, then if a path in 4(G) contains V", then it also contains v°",
w, wO. This means that if ¢ = (v, v],...,vp}isan ¢ _class of vertices in ~», then any
derlvatlon of A(F) in IMLL contains a subderivation of the sequent v"“t °”t JLHE -

Ut of the following form

IMLL
s o AN e e A g s E aAg)
VOUL LUV S B(AY), .. VM D O(A) F O(A0)
e g“‘, AL (M5 8(A)) F 8(Ao) R ax
VULV e AL OAM D B(A) D B(Ao) it
R (AL O D 0A) 5 0Ag) S v Fet

L

L

In order to construct a derivation in IMLL-X of the formula F it suffices to proceed

by induction over the number of ¢ _classes of modal vertices. Starting from the top
of the derivation, we replace every such subderivation in the derivation of d(F) with
an application of a KP-, K®- or K*-rule, we remove all the occurrences of the formula
LHe] = (AL, (V" 2 8(A)) D 8(Ap)) D Vi) in the derivation, and we replace for each
i €{0,...,n}the atom vi.” with the corresponding formula £(v;)A; as shown in Figure@
For some example, refer to the lower line of Figures [7]and 8]

The proof for CD-arena nets is similar by considering the rule D instead of K+. O
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_ AX — AX
t AX  ——— AX ara brb
E|<lJu [ D\]n Dgu E Dg] ara orb DL
AX b*bAX s adbara N
% o g I:'(l’m' ng, Di|n D (a—b), Dizn Satrb L
s o Dc]mt, Dg“t,(E\iln — (@adb) A (nizn Sa) kb .

o b),0a + Ob - - o) —— AX
(@ b).0a o oS - (@ D (@ b)) A @Y Da) Db of + og™t .

oo, o, (@ — (a 2 b)) A (@Y D)) > b) > O + oM

Figure 8: A K-arena net G with associated formula O(a D b) D (Oa D Ob) (the axiom
k1), its corresponding arena d(G), the derivations associated to G and d(G)

A D”[[L"ML" A o [IMLL-X
- oo dns Ao Al .. AR A o
@)||IMLL K
e d
D?ut’ . Dgut’ LH.] + Dgut OAq,...,04, +F OAp

D{0A DA }+{0A, 0} || IMLL-X

DO OO HLHe [ IMLL
F{OpAoH{miA,} - - - {0,A,)

Ao HoM - (O HLHC I}

Figure 9: An example of the construction of the derivation of F from the derivation of
O(F) assuming that in G there is only one ~-class of the form {O, ..., O,}

We summarize the results of this section (Lemmas [20]and 21]) by the following

Theorem 22. Let X € {CK,CD} and G be a modal arena with associated formula F,
then
IMLL=X
G is a X-arena net &< +— F

5 Skew fibrations

In this section we define specific maps between MAs to model the application of the
deep inference rules in Figure [4]

If v, w are two vertices in an MA, a meeting point of v and w is a vertex u such that
v—*u and w— *u, and such that if there is #’ such that v— "’ and w—*u’, then u—*u’.
The meeting depth of v and w is the minimum of the depth of their meeting point or
—1 if no such vertex exists. Two distinct vertices v and w are conjunct, denoted v A w
if their meeting depth is odd; they are disjunct, denoted v v w if their meeting depth is
even.
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Definition 23 (Skew Fibration). An arena homomorphism is either amap 0g: 0 —» G
from the empty 2-dag to an MA G, or amap f: H — G between two MAs H and G
mapping Vg to Vg in such a way it preserves:

S ity DB wthen )5 Fow);
~ ifvi{»wthenf(v)g»f(wﬁ

d : dv)=d(f(v));
¢ ) = fV)).

An arena homomorphism is modal whenever:

o if f()~b f(u), then w~ou and f(v) = f(w) foraw € V.

An (even) skew fibration is a modal arena homomorphism f: H — G which:
e preserves A: if v Ay w then f(v) Ag f(W);

e is a skew lifting: if f(v) Ag w, then there exists u with v A¢; u and f(u) Agw;

An odd skew fibration is either amap Og: () — G, or a modal arena homomorphism
f:H — G which:

e preserves V: if v Vg w then f(v) vg f(w);
e is a odd skew lifting: if f(v) Yg w, then there exists u with v V¢ u and f(u) ¥ gw;

Remark 24. In [39] the definition of skew fibration only demands the weaker root

preserving condition (that is, if v eﬁq{ then f(v) El_ég) instead of the depth preserving
condition we propose here. However, in the same paper it is proven that root preserving
is equivalent to the depth preserving for even and odd skew fibrations between arenas.

In order to prove the results in this section, it is useful to highlight the correla-
tions between mutual position of nodes in the formula tree 75 of a formula F and the
presence of —- or ~»-edges between the corresponding vertices in [F].

Definition 25. If F'is a formula, the formula tree of F is the tree 7 with nodes labeled
by D, A or L symbols, atoms, and modalities occurring in F. It is defined inductively
as follows:

o if F = a, then 7 is the with a single node labeled by a;

o if F = A D B (respectively F' = A A B), then 7 is the tree with root labeled by
D (respectively A) with children the roots of 74 and 7;

o If F = 0A (F = ©A) for a formula A, then 7 is the tree with root labeled by O
(respectively ©) which has as one child the root of 74;

o If F = &L, then TF is the tree with root labeled by ¢ and a single child labeled
by L;
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Example 26. Let F = 0(OL D (aAb)) D ((c D d) Ae)be aformula. The formula tree
T is the following

EI/D \/\
5 57N
<>/ T~ A c/ AN d

J_ a/ \b
Definition 27. In a formula tree 7, we call a node the left-hand side child (right-hand
side child) of a D-node if it corresponds to the root of the left-hand side (respectively
the right-hand side) subformula formula of the implication.

If v is a node of a formula tree 7, we say that a node w is a rightmost descendant
of v if there is a path from v to w in 7F containing no left-hand side child of any D-
node. If v is a D-node of a formula tree 7, we say that a node w is a second-rightmost
descendant of v if it is a rightmost descendant of its left-hand side child.

By means of example, consider the formula tree of F = (0(¢L D (a A b)) D
((c D d) A e) given in Example The left-hand side child of the root of 7 is the
root of T (o 15(ank)y While its the right-hand side child is the root of 7 (¢54)s.. The set of
rightmost and second-rightmost nodes of the root D are respectively {d, e} and {O, a, b}.

Remark 28. Let F be a formula and 75 the formula tree of F. If we identify the
atom or modality x occurring in F with the corresponding the node of 75 and with the
unique x-labeled vertex x in [F]], then we have the following correspondence:

[F1, . . .
e a— b iff the least common ancestor of ¢ and b in 7 is a D, and a and b are
respectively a second-rightmost descendant and a rightmost descendant of the
least common ancestor;

[F1 L . .
o m~vx with iff x is a rightmost descendant of m € {O, ¢}.

Moreover, d(x) is equal to the number of left-hand side children of D>-nodes occurring
in the path from the root of 7 to the node v.

Lemma 29. The composition of two skew fibrations is a skew fibration.

Proof. By definition of skew fibration (see 2?). |

Proof. By definition, the composition of two modal skew fibrations preserves —, ~»,
~ and d. Then the preservation of A and the skew lifting condition of the composition
are guaranteed as consequence of the preservation of d and —. Similarly, the modal
condition of the composition is guaranteed as consequence of the preservation of ~s.

O

Remark 30. Note that the proof of Lemma [29 makes crucial use of the fact that we
talk about arena homomorphisms, and an arena is always associated to a formula. In
classical logic [23} 5] a skew fibration is defined as a homomorphism between arbitrary
graphs, and the composition of skew fibrations is only a skew fibration if those graphs
are associated to formulas.
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We are now able to prove the correspondence between LI{ derivations from a P-
formula H’ to H' and skew fibrations between their corresponding arenas.

LI®

Lemma 31. For any P-formulas H' and H, if H’ )—L H, then there is a skew fibration
/o [H'] - [H].

H
?, WI", CI} if T p then there is a skew fibra-

tion /: [H']] — [H]), we can conclude by Lemma[29] We proceed by case analysis.

Ifp = Wi@’ then H' = I'{A®} and H = T'{A ® B*}. In particular, we can obtain
7w from Ty by removing the formula subtree 74 and replace its root with a ®-node
with children the roots of 74 and 7. After Remark the arena homomorphism
[ [H'] - [H] preserves —, ~»», ~, d and A by definition. Moreover, since the map
is injective, modal condition is trivially satisfied, while the skew lifting immediately
follow by the fact that the roots of [A®] have odd depth in [H]. Thus f is a skew
fibration.

Ifp = WI°, conclude by a similar reasoning. In this case, we obtain 7 from 7
by removing the formula subtree 74 and replace its root with a —-node with left-hand
side child the root of 7 and right-hand side child the root of 7. Since the root of 74
is the right-hand side child of a —o, arena homomorphism f: [H'] — [H] is a skew
fibration since it is injective and no new — or ~» are added between the vertices in
[H] image of vertices in f.

Ifp = Wf, conclude by a similar reasoning. In particular, it suffices to replace in
7, aleaf labeled by a L with the tree of the weakened formula.

Ifp = CI, then H' = I'{(A; ® A)°} and H = I'{A®}, that is, and 77, has the two
identical subtrees 7 and their roots are children of a same node labeled by ®. Thus
Tu can be obtained from 77/, by removing the node labeled by ® and replace it with
the root of 7. After Remark the arena homomorphism f: [H']] — [H] preserves
—, ~», ~ and d. Moreover [ is surjective, then it is a skew lifting and preserves A.
Moreover f is modal since it is injective on I'{} and whenever f(v)~> f(u), then either v

and u are both vertices in [A;] or in [A;], or we have v and «’ such that f(v) = f(V'),
A [A;1 . ..
fw) = fW), vuu', v~y with 4, j € {1,2}, i # j. We conclude that f is a skew

fibration. |

Proof. If we prove that for all p € {w)’,w

In order to prove the converse result, we need some additional lemmas.

Lemma 32. If f: H — G is an arena homomorphism and G = G + G, then [ =
f1+ fawith f1: H, — Gy and [>: Hy = G» arena homomorphisms for some H;, H,
such that H = H; + H,.

Proof. Since [ preserves —, then if v—*w for a w eﬁg then f(v)—*f(w). Thus if
G = G + G», then there is a partitio ﬁg:ﬁg] W ﬁgz. Then we can define Vg, and

—

Vi, as the sets of vertices of 9 which images by f admit a —-path to a vertex in Rg,

3 As remarked in the proof of Theorem in construction such partition, because of ~»-coherence,
whenever v~>w then v and w belong to the same subset.
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and I_Q)gz respectively. The MAs H; and H, are defined from H by the sets Vi, and Ve,
respectively. O

Lemma 33. Let f: H — G is a even or odd skew fibration, with G = G1—+>G, and G,
MAs. If there are two MAs H' and H" such that H = H'+>H" and H"' cannot be
written as > of two MAs, then f(v) € Vg, for all v € V.

Proof. Letv € H” such that f(v) € G;. Since f preserves d, then v eﬁﬂ. Thus H”’
cannot be a single-vertex MA. If H” is a + of two MAs, then there is z eﬁq{n such that
v /*z, hence v A zin H but f(v) £f(z) in G. Therefore f is not an even skew fibration.
Let f(z) = w. Then f(v) v w because f(v) € G; and w eﬁg. If there is a u with v v u
in H then there is x € Vg such that u— x° and v—x°. Since x—*w we have f(u) v w,
which means that f cannot be an odd skew fibration either. Then "’ has to be of the
shape W~l>‘7‘(£’ and f(w) € G, because v Eﬁy. We can conclude as for the previous
case that f is not an even or odd skew fibration. Contradiction. O

Lemma 34. Let f: H — G is a even or odd skew fibration, with G = G1->G, for an
MA G,. If there is an MA H’ such that H = H'—+>H"', then there are H, and H, such
that H = H\—>H, and | = 1= where f1: H, = Gy and [>: Hy — G, are modal
arena homomorphisms.

Proof. By hypothesis, we can assume that H is of the form H = H’—+>H"" where H”’
is not a &> of two MAs. We conclude by Lemmathat f(v) € Vg, forany v € V.
If Vg, = f(V), then we conclude that H, = H’ and H, = H”. Otherwise, let
H' = H| +---+H, such that H, is a + of two MAs forno i € {1,...,n}. If v,w € Vg,
then there is a (&> U «w)-path from v to w in Vi iff there is i € {1,...,n} such that
v,w € Vg . Since ﬁgc J(Vgyr), this implies that if there is i € {1,...,n} such that
v,w € Vo, then there is (<> U «»)-path from f(v) to f(w) in Vg\ I_ég That is, f(V(H{) is
either a subset of Vg, or a subset of Vg, foralli € {1,...,n}. Without loss of generality

we assume there is j such that that f(Vg) C Vg, for alli < j. We conclude that
7—(1:7-(l'+--~+7-(}and7-(2:(7-(}+]+~--+7-{,’l)—i>7-(”. O

Lemma 35. Let f: H — G be a modal arena homomorphism and G = v~>G'. If f is
an even skew fibration then, H = w~>H" and f = 1,,~>f" with f': H' — G an even
skew fibration. If f is odd skew fibration, then

o cither H = w~>Hy and | = 1,,~>f, with f,: Hy — G, an odd skew fibration;

o or H = W~>H\) + Hy and [ = [f1, f2] with fi: w~>H|) - (v~>G>) and
f2: Hy = (v~>G2).

Proof. If f is an even skew fibration, then to conclude it suffices to remark there is a

unique w such that f(w) = v since v eﬁg.

If f is an odd skew fibration, let w such that f(w) = v. If Vg \ {w} :8 (w),
then we can conclude. Otherwise we conclude with H, be the MA with vertices in

Vi \ ((wju C(w)). O
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In order to prove the converse of the previous theorem we give some additional
definitions and useful lemmas.

Definition 36. If /| : H, —» G, and [, : H, — G, are modal arena homomorphisms,
we define the following modal arena homomorphisms:

1, = 1: vV - v

fi+tfo= [1Ufo: Hi+H—Gi+ G

f1i2fo= [1Ufo: Hi>H,—Gi+>G  (Hi,Gi #0)
fi>fao= f1U fo: Hi~>H,—GI~>G
[f1,f2l= f[iVfo:Hi+H—> G G1=6=0)

Lemma 37. Every (even) skew fibration is of the form

o

lg  f7+g"  ffg®  Lipg
and every odd skew fibration is of the form
lg [/%g'l ff+g" [Pt Legt Og

where [° and g° are even skew fibrations, [* and g* are odd skew fibrations, v € Vi,
and G can be any MA.

Proof. By case analysis, let f: H — G be a modal arena homomorphism, remarking
that for any MA G, the identity map lg is by definition an even and an odd skew
fibration.

If /°: H — G is an even skew fibration, then

e if G is a single-vertex MA, then H cannot be either of the shape H; + H, or
H,~>H, otherwise f would not preserve A, or of the shape H)—+>H, otherwise
it would not preserve d. Then f = 1, with v the unique vertex in Vg = V.

o if G = G| +G», then by Lemma@we have that /° = f1+ f, with f; and f; arena
homomorphisms. Since f° is an even skew fibration, it follows by definition of
+ that f| and f, are even skew fibrations;

o if G = GG, then we define V| = {v e Vo | f(v) € Gi}and V, = {v €
Vg | f(v) € Go}. We have that V, # 0 since f preserve d. If V| = 0, then [ =
0g, = f2 with f>: H — G,. Otherwise, V; # 0 and H cannot be a single vertex.
Similarly, H cannot be of the shape H| + H, otherwise f would not preserve
A, nor of the shape v~>%H, otherwise f would not be modal. We conclude by
Lemma [34] that / = f,->/>. Moreover, since / is an even skew fibration if
follows that f; also preserves A and satisfies skew lifting while f; preserve v
and satisfies odd skew lifting.

o if G = v~>G,, we conclude by Lemma@

If f*: H — G is an odd skew fibration, then we proceed similarly. If G is a single-
vertex MA, then H cannot be of the shape H|~>H, otherwise f it would not be modal,
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or of the shape H;->7H, otherwise it would not preserve d. Let H = H; + H, such
that H; # H| + H|". Since f* preserve d and ~, then H; is a single-vertex MAs.
Moreover, f,: H, — G, is an odd skew fibration by definition. Then f = [1,, f,] with
v the unique vertex in Vg = Vg;

ItG =G+ G G =G G or G =v~>G, we apply a similar reasoning of the
case of f even skew fibration. O

Theorem 38. Let H and H' be P-formulas. If there is a skew fibration f: [H'] — [H],

Li®

then H' )—l H.

Proof. By Lemma [37| we can decompose any skew fibration using the operations in
Definition In particular, each (g occurring in the decomposition corresponds to
an application of a Wf, w® or W, while each occurrence of [—, —] corresponds to
an application of a ¢]. We conclude by reconstructing a derivation in LI} using this
decomposition and the correspondence between P-formulas and MAs (Theorem [T4).

O

6 Combinatorial proof

Using the results of the previous sections, we are able to define combinatorial proofs
for the logics CK and CD and prove sound and completeness results for them.

Definition 39. Let F be a formula and X € {CK, CD}.

An X-intuitionistic combinatorial proof (or X-ICP) is a skew fibration f: G — [F]|
from an X-arena net G to the modal arena of a formula F containing no occurrences of
OL.

In particular, intuitionistic combinatorial proofs (or ICPs) from [39] are the special
cases where no modalities occur, that is, an ICP is a skew fibration /: G — [F] from
an arena net G to the arena of a modality-free formula F.

Theorem 40. Let F be a formula and X € {CK, CD}. Then

— F = there is an X-ICP f:G - 1[F]

Proof. By Theoremthere is a P-formula H such that F = |H] and )i F iff IMbﬁ(
Lie Lie

H' — H for a P-formula H'. By Theorem 38| we have that H’ — H iff there is a skew

fibration f : [H”] — [H]. We conclude by Theorem since by Theoremwe have
- Kl) -

= it = L), 0

Lemma 41. Let X € {CK,CD}. If H and G are 2-dags and f: Vo — Vg, then it can

be checked in polynomial time (in the size of H U G) if f is a X-ICP.

Proof. All the following checks can be done in polynomial time: that a 2-dag G is an
MA; that an MA is a K- or D-arena net; and that a map between two MAs is a skew
fibration. =

Corollary 42. Let X € {CK,CD}. Then the X-ICPs form a sound and complete proof
system in the sense of Cook and Reckhow [11]].
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7 Winning Strategies

In this section we provide the definition of winning strategies for a two-player game on
a modal arena [F]], and we show the correspondence between these strategies and CK
and CD proofs of F.

Definition 43. Let G be a MA. A move is a vertex of G. Let p = po,...,p, be a
sequence of distinct moves (we denote by € the empty sequence). If v and w are two

moves in p, we say that a vertex w justifies v whenever v—w. We call a move p; in
p a o-move or e-move if i is respectively even or odd. We say that p is a view if the
following conditions are fulfilled:

p is a play: if p # €, then py eﬁg;

p is justified: if i > 0, then p;—p; for some j < i;
p is o-shortsighted: if p;,, and p?, then p;11 —p;;

p is e-uniform: if p?,, and p;, then €(p;y1) = €(P;).
p is modal: pi e VAU Ve,

The predecessor of a non-empty view p is the sequence obtained by removing the
last move in p. The successor is the converse relation. A winning innocent strategy (or
WIS) on G is a finite predecessor-closed set S of views in G such that:

e S and o-complete: if p € S has even length, then every successor of p is in S;

o Sis deterministic and total: if p € S has odd length, then exactly one successors
of pisin S;

o Sis O-complete: if v° € V; occurs in S, then 6(\}) # 0 and each w such that
v~ w occurs in S.

We say that a WIS S is atomic if p; € Vg’ foreveryp € S.

Remark 44. Our definition of WIS restricted to (non-modal) arenas is the same as the
one in the literature, or simply a reformulation in our setting (see e.g. [34] or [39]).

By means of example consider the strategy with maximal views shown in Figure[T]
We remark that the totality and o-completeness of this strategy is guaranteed by the
fact that the modal arena net is linked.

Definition 45. Let X € {CK, CD} and G be an X-arena net. A framed abstract view of

G is a reverse checked path on 5

We denote by |[p]l the sequence of moves in G obtained by removing from a play
p all modal vertices. For example if p = OuvOOw, then |[p]| = uvw.

An abstract view P in G is a sequence of atomic vertices in G defined as follows:

e cither p = || p]| for a framed abstract view p of G;

e or P = [Isiviwillssll ... Lsak—1 dviwklLsok+1 1l for a framed abstract view p =
SIVISIWIS3 . .. S2k—1ViSuWikPar1 of G with v;, w; € V° such that v;—w; for all
i€{0,...,k};
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Note that by definition, an abstract view of a non-modal arena net is a reverse path in

G.

We recall the result on ICPs from [39] which we aim to extend CK-ICPs and CD-
ICPs in this section.

Theorem 46 ([39]). If f : G — [F] is an ICP of a modality-free formula F, then the
set of images of all abstract views of G is a WIS on [F].

For this purpose, we define frames as equivalence classes of modal vertices in the
arena induced by the views. They are meant to reconstruct the information about the
applications of modal axioms, that are, the ~-equivalence classes of the modal arena
net of the ICP. This information allows us to “de-contract” the formula F in such a
way to obtain a formula F’ which admits a linear derivation.

Let G = [F] be a MA. The address of a vertex in v € Vg is the unique (possible
empty) sequence of modal vertices add, = m; - - - my such that my = v and m; = mj_; #
m;_y for each i € {l1,...,k}. Intuitively, the address of a vertex v is the list of the
modalities in the path the node corresponding to v to the root of the formula tree 7.
We denote by &, = |add,| and addi‘ the At element my, in add,. If p is a view, we write
hp = max{h, | v € p}. Moreover, if S is a strategy on G, we say that v € Vg is involved
in Sif either v € p or if v € add,, for a view p € S.

Definition 47. Letp =p; ---p, be a view on a MA G.

We say that p is well-framed if |add,,, | = |addy,,,, | for every even 2k € {0, ...,n—1}.
A strategy is well-framed if each view in it is.

If p is well-framed, then we define its framed view as the hpy X n matrix F(p) =
(F(P)os - - -, F(P)n) with elements in Vg U {e} such that each column F(p); is defined
as follows:

h h i

F(p),? = add’

F@E);" = addy
FEi=| FE! = ¢
FP), = €
FE) = P

where a h; € {0,.. ., hp} defined for each i € {0,...,n}.

Moreover, each ¥ (p) induces an equivalence relation % over Vg given by the sym-
metric, transitive, and reflexive closure of the following relations:

u%lw i 4= F(p)y, and w = F(p)y
fora2k <nandah < hy
We write addv%’addw if v and w are involved in p and add’j%add'fv. for all k.

Lemma 48. Let G be a MA, p be a well-framed view on G, and v,w € Vg. If v%w,
then there are some i,j € {0,...,n} and a k € {0,...,hp} such that v = T(p);‘ and

w= T(p)’]‘.. Moreover, for any h > k we have T(p)?%?(p)?.
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Proof. Let us write ~ instead of %’ If v~w, then by definition there are i, j,k € N
such that v = F(p) and w = F(p)}. To prove that ¥ (p) ~F (p)} for all h > k, we
assume w.l.0.g. that j > i and we proceed by induction on n = j —i. If n = 0, then the
statement trivially holds since i = j and ~ is reflexive. If n > 0, we make case analysis
on the parity of j. If j is odd, then # (p)?~7"(p)’;._1 for all & > k by definition of ~. By
transitivity of ~ we have ¥ (p)}]’._ , ~7:(p)f.’. We conclude by inductive hypothesis since
(j=1)—i<n.If jis even, then 7"(p)’jf~7'(p)’]‘._l if and only if either T(p)’; = T(p)’j‘-_]
or T(p)f;~?’(p)’;+m for a m > 0 such that T(p)’]‘,rm = T(p)’;, for a j/ < j. In the first
case we conclude by inductive hypothesis since F (p);f = T(p)if_l for all » > k, and
therefore (p)"}~?_(p)3’;l. In the second case we conclude by inductive hypothesis
since j < j. O

Definition 49. Let S be a well-framed strategy on a MA G. We say that S is linked

*,w°}. This induces an

n’

if for every p € S the %-classes are of the shape {},...,v
edge-relation u%w = {u’%w° |peS}

A CK-framed strategy on a MA G is a well-framed linked strategy S such that for
each w’ € Vg involved in S the following conditions are fulfilled:

. G
1. ifwe Ve thenv e |z for any v s

2. ifwe V;, thenv e V; for a unique v such that V.

A CD-framed strategy on a MA G is a well-framed linked atomic strategy S such that
for each w® € V" involved in S, it satisfies Conditionplus the following

3. ifwe Vé, thenv e V; for at most one v such that v%w.
For X € {CK, CD}, we say that S is a X-WIS if it is a X-framed WIS.

Example 50. Let us consider the two non CK-provable formulas F' = Oa; D ag and
F’ = (Oa, D Oby) D O(az D by) where we enumerate occurrences of the same atom to
improve readability.

The unique view on [F] is agaj. Since add,, = € and |add,,| = 1, we conclude
that any strategy on [F] is not be well-framed.

Similarly, the unique maximal view on [F'] is bybjasa3. This view is well-framed.
However its frame contains all three modalities of the formula, two of which are o;
Hence any strategy on [ "] would not be CK-framed

As consequence of Lemma 48| we have the following result
Corollary 51 (Functoriality). Let S is a well-framed strategy on a MA G. If v,w € Vg
and vg~pw, then addv%addw.

The rest of this section is devoted to show how to use X-ICP to expose the cor-
respondence between X-WISs and proof in CX for X € {CK,CD}. Since X-ICPs are
sound and complete (see Theorem [0), it is easy to show that we can associate to any
proof a X-WIS using the following lemma:
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Lemma 52. Let X € {(CK,CD}. If f : G — [F] is a X-ICP of a formula F, then the
image by f of all abstract views of G is a X-WIS on [F].

Proof. The image by f of an abstract view is a play and it is o-shortsighted since f
preserves d and if v,w € VA then v—w in 5 only if v—.w. Moreover, in a modal
arena if vZw and v,w € V2 then £(v) = £(w). We deduce that f is e-uniform since f
also preserves €. Hence the image by f of an abstract views on G is a view on [F].
Since for any abstract view p on G we have that Py = Vorei gvzk = P, then by

functoriality of G (Condition [3|in Definition , we have Vo1 gﬁzk. This allows us to
conclude by induction that A, = h,,., in G, i.e., pis well-framed view since since f is
modal and preserves .

The o-completeness follows by definition of —, U~ 4. Determinism of the strategy

Vok

follows by the fact that G is X-correct, then

e if X = CK, then for every w° € V"' U V° there is a unique Vertexﬂ v® such that

v*—w°. Moreover in this case ¢-completeness follows the non-empty modali-
ties Conditions

e and if X = CD, then S is atomic and atomic vertices are paired in ~-classes.
Moreover in this case ¢-completeness is valid since no ¢ occurs in S.

We conclude since by definition G is linked and X-correct; thereby S is X-framed.
O

To prove that each X-WIS correspond to a proof in CX, we give a procedure to
define an X-ICP f: G — [F] using the information provided by the arena [F] and the
strategy S. Using the property of being well-framed, we are able to reconstruct some
paths on [ F] which should be the images by the skew fibration f of the framed abstract
views in the modal arena net G.

Definition 53. Let p be a well-framed view on a MA G of length n . We define the
pre-view of p as the sequence of vertices in G

B = Po, P2, P4, - - -, Pok if n is even
P = Po, P2, P4 - . . Pok> Pors1  if mis odd
where for all i € {1,...,k} we have
Po = FE.....7(P) )
P = FOO_, ... F @Sy FO...FO),

Prst= FP)rps--- ’T(p)ZZn

for a h; = max{h | ?'(p)’z’iflgé?‘(p)gi} if addpml%saddpz,. and h; = 0 otherwise. We
denote by S the set of the pre-views of all the views in S, that is, S={plpesS).
A unchecked prefix of a p € S is a sequence of vertices s! obtained by replacing in

a prefix s of P each subsequence of the form vrw with vw whenever v,

4Observe that this is not true for O-vertices.
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Example 54. Let us consider the maximal views on the modal arena of O0;(b; D by) D
aip) O (©1c D Oplaz A ap)) from Figure From the leftmost and central views we

respectively define the pre-views Ogagalbgbin} and Ojasaibbins. In particular, the
sequence &g0; is the unique unchecked prefix associated to these two sequences.

Given an arena [F] and a X-WIS S and following this intuition, we reconstruct
a partitioned modal arena Gs and a map fs from its vertices to the ones in [F] as
follows.
Definition 55. Let X € {CK,CD} and S be a X-WIS on [F]. We define an arena
Gs =(Vg, g, «%, g) and amap fs = f : Vg — [F] as follows:

e in V; there is one vertex for each non-empty unchecked prefix s of a pre-view
P € S (whose label is the same of the last vertex in s'). That is,

Vg = {vs | s is a non-empty unchecked prefix of a p € S } (6)
f(vs’w) = f(W) (7)

o by definition every vertex is of the form v, for a non-empty sequence s of vertices
in Virp. We define the map [ : Vg — V|pj in such a way it maps each v, € Vg
to the last vertex of s = s’w. That is,

Jeyw) =w (8)

. G [F1 .

e there is an edge v—w whenever f(v) — f(w), and the images of v and w occur
in the addresses or are respectively some vertices x and y such that either x° and
y*® occur in a same view in S, or there is s € S such that sy° and suv*® occur in S.
That is,

G
—_ =

f(v) = xor f(v) € add,, f(w) = y or f(w) € add,

f()— f(w) and there are x,y € Vry such that
vow )
and either sy*x°, or both sy° and sux*® are in S

. G N3 .
o there is an edge v~»w whenever f(v)~» f(w), and v and w occur in a same pre-
view in S. That is,

L = (vwow | (V) f(w) and f(v), f(w) € pforap € S} (10)

. ... . [Fls
o we define v<w as the symmetric and transitive closure of the edge-relation =7,
That is,

9= fomw | f0) X fw) forap € S} (11)

29



.. F [FTp . . .
Remark 56. By definition s ~ Upes ~" is not an equivalence relation over [F].
. . [F1 L1
In fact in [F] we may have some vertices u,v and w such that u —*yand u — w and
[Fls
VoW,

.. .. [F1
If we additionally assume that S is linked, then we conclude that u ~'y and

[F1 .. . .
u ~?w for two distinct p1,P2 € S. Hence, the vertex u in [F] admits at least two

different pre-images in G. Then we conclude, as the homonymy suggests, that Gs is a
linked modal arena.

Remark 57. By definition of ~», we have that v«giiaw iff vg\iw andv = p;andw =

P, forai > j. Thatis, any pre-view is a reverse cautious path on Qﬁ:g, that is, a framed
abstract view. It follows that the abstract view which can be extract from a pre-view
p of ap € S is exactly the view p. In other words, the function mapping a view in
its pre-view is the left adjoint of the function mapping a framed abstract view to its
associated abstract view.

Hence, by proving that f s is an X-ICPs we can prove that we can associate a proof
in CX to any X-WIS.

Lemma 58. Let X € {CK,CD} If F is a formula and S a X-WIS on [F]\, then there is
a X-ICP f: G — [F].

Proof. We only prove the result for CK since the proof for CD is similar but easier
since CD-WISs are atomic.

We use Definition 53] to define an X-ICP fs: Gs — [F] form S and [F]. That
is, we prove that the map fs and the modal arena Gs defined in Definition [553] are
respectively a skew fibration and, whenever § is CX-framed, an X-arena net.

The arena G is linked by definition of ¢ as remarked in Remark To conclude
that G is a CK-arena net we have to check the following conditions:

1. @ is acyclic: if a checked path contains a cycle, then we can define a framed
abstract view for any number of iterations of this cycle. Then S should contains
infinite views corresponding of the image through f of infinite abstract views on
G. Absurd.

N
2. G is functional: for any p? there is a k < i such that Py = p, occurs in p and either

k=ior f)i«%f)k. Since p is justified, then there is / < & such that p,—p;. Then
there is j < i such that p; = p;. By the fact that ~» is modal (see Definition E]),

we conclude that p; 5 R;.
3. G is functorial: it follows Corollary

4. G has almost all non-empty modalities: let v € Vg such that v = v, for a prefix
s = S’T(p)gk ofapedS. Ifve Ve, then h > 0 (since no O occurs in a abstract

view) and there is w = wg such that va~~»w such that either s”/ = S’T(p)gk?'(p)g,:]
ifve,ors” = s if v* € Vé. If v° € V°, then we conclude by ¢-completeness.
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5. G is CK-correct: it follows from the fact that S is CK-framed and that, by defi-

.. G Gs
nition, = = =,

The map f is a skew fibration we have to check the following conditions:

o f preserves {, —, and ~>: by definition;

e f preserves d: since | preserves E) then d(v) > d(f(v)). If d(v) > d(f(v)) then
there should be a w such that f(v)—w and d(w) > d(f(v)) which by Lemma
implies that [F] is not L-free. Contradiction;

e fismodal: if f(v)~» f(w), then by definition there is a k such that add’;(w) = f(v).
We conclude by letting v/ = addfv.

o f preserves A: it follows from the fact that f preserves — and d;

o [ has the skew lifting property: we let w € Vjpy such that w A f(v) forav € Vg
and we prove that there is always a u such that v A u and f(u) Aw.

If there is no meeting point of w and f(v), then we conclude by letting u El_ég
such that u A v and w—"* f(u).

Otherwise, we let x* (hence x ¢§ﬂp]) be a meeting point of w and f(v). By
Lemma can assume w.l.o.g. that x € Vﬁ]]. Moreover, we can also assume
that x is in the image of f. In fact, since the meeting point exists, then there is a
r° (at least one r Eﬁﬂpﬂ) such that w—"r and f(v)—™r; we can assume r € V&
and by determinism of S we have a z € V! in the image of f such that z— r; thus
by Lemmaeither z is the meeting point, or for all #/ € V¥ such that ¥ —z, 1 is

in the image of f since S is total and o-complete; we conclude by induction.

We can deduce that sx € S for a s € S. We now let y such that w—*y— x. Since
sx € S and x°, then by o-completeness we have sxy € S for every y € VA such
that y—x; thus f(u) = y forau = vy, € Vg. We conclude since the meeting
point of w and f(u) is f(u) = y° and the meeting point of f(u) and f(v) is x°.

We are able to prove a soundness and completeness result for X-WISs.

Theorem 59. Let F be a formula and X € {CK, CD}.
F is provable in CX < there is a X-WIS on [F].

Proof. By Theorem 40| we know that X-ICPs are a sound and complete proof system
for LX. We conclude the proof using Lemmas[52]and[58|which state the correspondence
between X-ICPs of a formula F and X-WIS on [F]. |
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8 Conclusions and Future Works

In this paper we present two semantics for proofs of the disjunction-free and unit-free
fragment of the constructive modal logics CK and CD.

The first semantics is given by extending the syntax of ICPs from [39] by reshaping
some techniques from the previous work on combinatorial proofs for modal logic [3]] to
fit with the syntax required to capture intuitionistic logic. We define MAs which extend
the syntax of a Hyland-Ong arena [34] in order to represent modal formulas by finite
directed graphs, and we define modal arena nets which are MAs equipped with a vertex
partition capturing axioms in CK and CD. Then we prove that skew fibrations from a
modal arena net to the arena of a formula are sound and complete with respect to the
logics CK and CD.

The second semantics is given in terms of winning innocent strategies over modal
arenas. It has been designed by extending the relation between ICPs and winning
strategies shown in [39]: the set of paths in the linking graph of the arena net of the
ICP is mapped by the skew fibration to a winning innocent strategy on the formula
arena. This relation has been further refined by showing that for CK and CD it is
possible to restrict this set of paths to specific ones passing on atoms and diamonds
only.

We get the following result for our two new semantics:

Theorem 60 (Full completeness). Let F be a formula and X € {CK, CD}. Then

1. There is a surjection from the set of factorised proofs of F and the set X-ICPs of
F.

2. There is a surjection from the set of X-ICPs of F and the set of X-WISs on [[F].

3. There is a surjection from the set of LX-derivations of F and the set of X-WISs
on [F1].

Proof. 1. The proofs of Theorem [22] and Theorem [38] allow to establish full maps
respectively from IMLL-X-derivations to X-arena nets, and from LI{-derivations
to skew fibrations. We conclude by composing these maps.

2. The proof of Lemma[52]establishes a map from the set of X-ICPs of F to the set
of X-WISs on [F]. The proof of Lemma associates an X-ICP to an X-WIS S.
As remarked in Remark [57] the image by fs of the abstract views on the linking
graph of the modal arena net G defined in Definition[55]is exactly initial X-WIS
S. We conclude since every X-WIS S on [F] is the image by f of the framed
abstract views in the X-ICP fs: Gs — [[F].

3. Direct consequence of[T]and i

We conclude by presenting some lines of inquiry that have been initiated by the
content of this paper.

Game semantics for CK and CD.

We are currently investigating the compositionality of CK-WISs and CD-WISs in
order to define the game semantics for these logics. It seems natural that the standard
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definitions of canonical strategies of game semantics (e.g., copy-cat, projections and
evaluation) can be employed in our framework. However, the additional condition on
frames requires a careful investigation which goes beyond the scope of this paper.

Relation between A-terms and winning strategies. For propositional intuitionis-
tic logic the relation between A-terms and WISs is well-known [26), [12] 22]] The exact
correspondence between our WISs and A-terms for CK and CD [9] is under investiga-
tion, but out of the scope of this paper.

Proof equivalence in constructive modal logics.

Both ICPs and WISs induce a proof equivalence between proofs defined as “two
derivations are equivalent iff they are represented by the same semantic object”.

We conjecture that, as proven in [39] for the intuitionistic combinatorial proofs for
the logic LI, the combinatorial proofs presented in this paper capture the proof equiva-
lence defined on sequent calculus by independent rules permutations, weakening/contraction-
comonad, and excising, i.e., the permutation of weakening which removes subproofs
shown below (see the permutation in the bottom-right corner of Figure[3).

3” A+ C

e ARC
I'rA BA+C e
I ———_— ILADBA+C
ILADBA+C

We also conjecture that the full completeness results can be stated with respect to all
proofs of a formula, and not only the factorised ones.

However, in the presence of modalities, the proof of these results is much more
involved (see Figure[5), and would go beyond the scope of this paper. Although, it is
easy to see that whenever two sequent proofs are equivalent modulo rule permutations,
they are mapped to the same combinatorial proof, the converse is far from trivial, in
particular, it is not true in the classical case.

Moreover, an additional problem seems to arise for CK which is similar to the
well-known “jump-problem” for multiplicative linear logic proof nets with units [19]:
permutations of W may re-assign which < is introduced by a specific K® as in the
following example.

AX AX
ara R ara R
Fa>a Fa>a
- ¢ [ —
Brada N Crada N
OB+ O(a>da) OCCFHO@>a)
OB, OC+ O(aD a) OB, OC +O(aD a)

Winning strategies for linear logic

We foresee no difficulties in defining WISs for elementary and light linear logic
adapting the techniques used for defining CPs for multiplicative and exponential linear
logic in [2].

We can envisage an encoding of !A of the form v~>[A] for vertex v such that
£(v) = !. This would avoid the need of defining the arena of !A as the tensor of infinitely
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many copies of A, thatis !|A = A® A® - - -, preventing the need of a quotient on WISs
required to capture the natural isomorphism between the copies of A.

In particular, to recover the results of Murawski-Ong for light linear logic [34]], it
suffices to consider the modalities ! and § as instances of 0O, to define a frame condition
simplifying the one of CK-frames (since there are no <), and restrain skew-fibration
allowing deep weakening and deep contraction only to !-formulas using techniques
similar to the ones in [2].
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