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=)

such that:

—

{ Proofs} — { Denotations }
D o}
A+ C;

@ if D proves A + B and D’ proves B + C, then it is defined © % D’ proving

@ if © ~» D’ (via cut-elimination/normalization/. . .), then {D}} = {D’}
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such that:
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{ Proofs} — { Denotations }
D o}
A+ C;

@ if D proves A + B and D’ proves B + C, then it is defined © % D’ proving

@ if © ~» D’ (via cut-elimination/normalization/. . .), then {D}} = {D’}

_ derivations}
Lazy solution:

cut-elimination
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{=): (Proofs} — { Denotations }

D - o)
such that:
@ if D proves A + B and D’ proves B + C, then it is defined © % D’ proving
A+ C;

@ if © ~» D’ (via cut-elimination/normalization/. . .), then {D}} = {D’}

{derivations}

Lazy solution: cut-elimination

Categorical semantics: C with O¢c = {Formulas} and O¢ = {Proofs of A + B}

Let’s try to have something more concrete!
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Negative fragment of intuitionisitc logic
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Formulas

A,B:=1|lalADB|AAB

Sequent Calulus
NA+B r'N-A ABrC r'-A A+B NA,BrC
— AX oR L AR AL
ara r'-A>B NAADBrC AFAAB NAABFC
NAArB B NrA AA+C
—1 C W
F1 NA+B NA+B

cut
NA+rC
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Game Semantics for Intuitionistic Logic
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Game Semantics name is ambiguous:

dialogue

proofs

@ Lorenzen and Lorenz, Felscher, Stubborn, Fermiller ... : proof search as
@ Blass, Conway, Abramsky, Hyland, Ong,

. denotational semantics for

PANE
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Arena of a formula
11 [al

LFi A Fel LFi > Fol
> >
> >

0 a
AN
[~ =
> >
empty aranh single vertex the disjoint union

Ply grap with label a of [Fy] and [F2]

the disjoint union of [F1] and [F2] plus —-edges
from any vertex in [F1] with no outgoing —-edge
to any vertex in [F2] with no outgoing —-edge




Arena of a formula
11

[al [[F1 A Foll

[F1 > Fall
> Ld
> >
0 a
>
>
empty graph single vertex

AN
>
|
the disjoint union
with label a of [F{] and [F2]

the disjoint union of [F1] and [F2] plus —-edges

from any vertex in [F1] with no outgoing —-edge
to any vertex in [F2] with no outgoing —-edge
Examples:

[((as > @) > a1) D all = a;—a,—a—a

[((b1 > bo) > ar) > (a2 A &)l = by—by—a

11’32/ 0
[((az A @) 2> by1) > (a1 2 b))l =

o d by _ay3b,
=] =
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Rules of the game for a formula F:
@ The “board” is the arena [F]|
@ Two-players game (o and e)
@ The player o starts on a root
@ Each player (non-initial) move is justified by one previous opponent move'
@ The player e must “reply” to the previous o-move
@ a player wins when the other is out of moves

Definition (WIS)
@ Play: sequence of moves
@ Winning strategy: set of plays considering every possible o-move
@ Innocent: each o-move is justified by the previ?s e-move (o is shortsighted)

"We ask that the node of this move points (—) the node of a justifying move
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Let's play on [((a A @) 2 b) o (a > b)]

Itis o’s turn

ax
ag b

a
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Let's play on [((a A @) 2 b) o (a > b)]

Itis e’s turn
ax a\
ag b bo"
€
b
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Let's play on [((a A @) 2 b) o (a > b)]

Itis o’s turn
a, a
Xo)b‘]. \b o
0
€
%
bg b;
S p—
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Let's play on [((a A @) 2 b) o (a > b)]

It is @’s turn

a a
2
Xd)b‘]. \boo

€

%,
bS b3
S=1{ bibrag
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Let's play on [((a A @) 2 b) o (a > b)]

Itis o’s turn
PLAYER e WINS!

a, a.*
Xd)b‘]. \boo

€

bSb;
S=1{ bibrag
bebraa;

u]
o)
I

"
it
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Let's play on [((a A @) 2 b) o (a > b)]

It is @’s turn

a a
2
Xo)b‘]. \boo

€

bSb;
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bebraa;
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Let's play on [((a A @) 2 b) o (a > b)]

Itis o’s turn

as° a
2
Xo)b‘]. \boo

€

by

b bs
S=1 bbrag
bebraa;
bba;

u]
o)
I
"
it
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Let's play on [((a A @) 2 b) o (a > b)]

It is @’s turn
PLAYER e WINS!

as° a.*
2
Xo)b‘]. \boo

€

b;

by bs

S =14 bybiag
bgbsaga;
by bsa;
bybsazas

u]
o)
I
"
it
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Let's play on [((a A @) 2 b) > (a > b)]

Itis’s turn

ax
ag b

a
\bo

We can write the set of maximal views in S as follows

Max(S) = { 900

21904 }
bOA1?231

where dotted lines identify the justifier of a move
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Let's play on [((a 2 a) 2 a) D a]

Itis o’s turn

o
a3 a8y a4,

Max(S1) = {a,

}

MaX(Sz) = { }
Max(Ss3) = {

}

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis @’s turn

a;—a;—a;—a,
Max(Sy) = {;031 }
MaX(Sz) = {

}
Max(Ss3) = {

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis o’s turn

}
Max(Ss3) = {

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis @’s turn
PLAYER e WINS!

S
aaa}
41593

}
}

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

Max(S;) = {

o F

DA
11/21



Let's play on [((a 2 a) 2 a) D a]

Itis o’s turn

S
aaa}
41593

Max(S;) = {

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis @’s turn

a—>a2—>a'—>a

Max(S;) = {

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis o’s turn

22;2,)
Max(S2) = {éoa a

}

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

Max(S;) = {

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis @’s turn

> Q
N <
Q

Y 123}
MaX(SZ) _ {; """"" a aa

0 A1 21 }
}

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

Max(S;) = {

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis o’s turn

> Q
-
n
w
2

Max(S;) = {

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

o F

DA
11/21



Let's play on [((a 2 a) 2 a) D a]

Itis @’s turn
PLAYER e WINS!

> Q
-
n
m i
w
2

ey
aaaaa}
é}1”22‘\1 22 3

}

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

Max(S;) = {

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis o’s turn

> Q
-
n
m i
w
2

ey
aaaaa}
é}1”22‘\1 22 3

}

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

Max(S3) = {ao

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis @’s turn

> Q
-
n
m i
w
2

ey
aaaaa}
é}1”22‘\1 22 3

}

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)
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DA
11/21



Let's play on [((a 2 a) 2 a) D a]

Itis o’s turn

> Q
-
n
m i
w
2

ey
a.a.a,a,a }

Max(Ss) = {a,2

0 A1 2 }

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis @’s turn

> Q
-
n
m i
w
2

Max(8s) = {;o§1aza1 }

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis o’s turn

> Q
-
n
m i
w
2

ey
aaaaa}
é}1”22‘\1 22 3

05”1”32“ "2 }

IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis @’s turn
PLAYER e WINS!

> Q
-
n
m i
w
2

Max(S;) = {aoa@z?@zas}
Vi :
Max(Ss) = {ao§1?2f1?233}
IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

o F
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Let's play on [((a 2 a) 2 a) D a]

Itis o’s turn

> Q
-
n
m i
w
2

Max(S;) = {aoa@z?@zas}
Vi :
Max(Ss) = {ao§1?2f1?233}
IWe here writing the maximal views of three distinct WISs!
(dotted lines identify the justifier of a move)

o F
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Theorem (Full Completeness)
Every WIS on [F] is the image of a proof of F.

We can translate derivations into WISs:

{{ — AX}} =lea% a%a’)
a‘ra

T T Mo
H e W” } {{ A DR” ) {{ Aca L}} e
r*,A*+ B° r*,rA*>B°
T (k3 T,
Pra” A'rB g (D1 U D) =
r.AF (AAB)Y

M*,A*AC*+B°

=
AT A7 P BT 1 = identify moves { D1} whenever they are in A} = A;
A"+ B°
Tlo fle2
r+A° A*,B*+C°

oL = D, U “if o starts to play on A, then continue as in {D4}}"
r,A*,(A>B)'+C°
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Theorem (Full Completeness)
Every WIS on [F] is the image of a proof of F.

Sequent Shape of S Shape of Dg
1 S={e ) 1
ara S ={e,a,aa) — AX

ara
EN
BACFHA any rB.C+A A
BACHA
o]
rN-BoA any I',B»—AD
r-BoA
B o o
TrAAA S=TUR FrA TrA o
S ATARR T = [‘r € S| 7 contains no moves in A, _—
I contains no A-formula ) . NLrEAAA
R = {p € S| p contains no moves in A; T A
1 2

ILADB{c'}+c°
c atomic and A D Bfc*} # c*
B{c*} contains the atom c*
I contains no A-formulas

c°cteS
T = {1 | there are o and 7’ such that o771’ € Splitg}
R = {p | there is no o such that por € Split3)

o o]

r-A TI,AD>Bfc*}),B{c*}+c°

r,r,A>B{c'},A>B{c*}+c°
LAD>B{c*}+c®

rLBrA

S contains no moves in B

s
recA

rBrA
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Proof equivalence in LI
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ar ap
—— ax
brb R

—— ax L ax
ax brb . brb
ara R ——ax " ——ax
FbD>b arap | Frb>b ar a

a,at ap A a >
= > ~ D= (bob)oara
FbDb aragAhay | non-local

)

(bob)darayAa "

F((b>b)>a)>d(agAaz)

L
(bob)oara >
(bob)da,(bob)darayAa

(bob)o>aragAan

F((b>b)>a)>d(ap A az)

aop, aa , apab , apabb
D) =()=1 e

a , aa, aab, aabb }
which corresponds to the lambda termAf(°>0)>2 (f(Ax2.x), f(ly2.y))

and

R




F2, 00, A5 T3, M, Ay Ty,0z,A3
M1, Ay 2,13, 00,32 = F1,T2, %4, A, 3,04
P1 P2
Independent F,M2, M5, 24, 2 M, M3, 51,2
rules
I A A I A Az M AL Ay To,Ag I A Az
Mol =T AL Tilahnte P=fiube’’ Tab
TEn? Tr.g RPN Mleinz, 7
MAAB,B+C MAAB,B+C r-C
— ———————2xA* ———2xW reC
rABrC = [LAAB,AAB+C MABrC B
A A A A TLAAB+C
Resource MAABFC IAABFC MAABFC
Management rAA+B rArB
rA+B = [LAA+B AArB = [LA+B
T.AArB rLArB
ArC AB.B+C r-A ABBrC i
- v .B,B+ B
Excising AFrC E———— rA AA>BB+C
g | BARC, S FRGSEe| A LB S FriaseAsBIC
. _ LALAD B SL,A,ADBADDEE
Unfolding I—,A,ADBI—CD MA>BrC >
NAADBEC
=wis i= (EU=U=. U=,)
The permutation =, is said non-local
o <o =y «=» T 9DAX
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What about cut?

=] 5 = = £ 9Da¢
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Composition = Interaction + Hide

) D
e, s (k3 T=-
-8B AB+C
cut
NA+C

r-B AB+C L
e F,A,BDBFChD_d
MArC ae
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Composition = Interaction + Hide

sl [le®
o =2 VB AB+C
r-8 ABrC > ot
cut NAB>B+C
NA+C hide
IA+C
{o1} (D2} {D1} 5 (D2}
for * for ~r
V

for

A5

PANE
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Composition = Interaction + Hide

sl [le®
s M. FB ABFC
r-8 ABrC > ot
cut NABoBrC |
NnArC hide
ArC
{1} {24 {21} =5 {2}
for ® for > for
c° c°
n e
Literature approach

Approach we use here
S
o = =

Q>
17/21



Interaction

Let T a view over A + B; and p a view over B, + C.

The interaction of T ad p over B is the sequence of moves o =1 H p starting with
oo = po defined as:

Tk+1 where o; = 7 is a move in A or a o-move in B;

Pk+1 where o; = pk is a move in C or a o-move in B,
oir1={b* where o; = b is a e-move in B; and b+ occurs in p

bt where o; = b is a e-move in B, and b* occurs in t

not defined otherwise
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Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

D¢
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Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]
b
c—>a7 \b
d7

c—»aQb ex—¢€ a

; p1 = bbaaee

T = bbaacc
re p1=Db
c——a—b
d}b
c—a



Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]
b
c—>a7 \b
d7

c—»aQb ex—¢€ a

; p1 = bbaaee

T = bbaacc
re p1 =Dbb
c——a—b
d}b
c—a



Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]
b
c—>a7 \b
d7

c—»aQb ex—¢€ a

; p1 = bbaaee

T = bbaacc
T0p1 = bbb
c——a—b
d}b
c—a



Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]
b
c—>a7 \b
d7
c—»aQb ex—¢€ a
; p1 = bbaaee
T = bbaacc
B
T0 p1 = bbbb
c——a—b
d;b
c—a

KL
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Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]
b
c—>a7 \b
d7
c—»aQb ex—¢€ a
; p1 = bbaaee
T = bbaacc
70 p; = bbbba
c——a<=b
d}b
c—a
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Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]
b
c—>a7 \b
d7
c—»aQb ex—¢€ a
; p1 = bbaaee
T = bbaacc
B
70 p; = bbbbaa
c——a<=b
E d}b
c a



Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

b
c—»a? \b
d7
c—»aQb E=Y:] a
; p1 = bbaaee
7 = bbaacc

70 p; = bbbbaaa




Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

b
c—»a? \b
d7
c—»aQb E=Y:] a
; p1 = bbaaee
7 = bbaacc

70 p; = bbbbaaaa




Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

b
c—»a? \b
c—»aQb§

N

p1 = bbaaee
7 = bbaacc
B
70 p; = bbbbaaaae
c——a<=b
E d}b
c a



Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

b
c—»a? \b
c—»aQb§

N

p1 = bbaaee
7 = bbaacc
Tgp1 = bbbbaaaaee
c——a<=b
E d}b
c a



Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

c—»aQb<§

7 = bbaacc

d7
e——e——a
p2 = bbdd
TOops=Db
c——a<==b
2 d;b
(0] a




Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

c—»aQbé\

7 = bbaacc




Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

c—»aQbé\

7 = bbaacc




Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

c—»aQbé\

7 = bbaacc

o7
e——e——a
p2 = bbdd
T g p2 = bbbb
c——a—b
d;b
c——a

KL
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Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

c—»aQbé\

7 = bbaacc

d7
e——e——a
p2 = bbdd
re p2 = bbbba
c——a<==b
d;b
c——a

KL
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Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

c—»aQbé\

7 = bbaacc

d7
e——e——a
p2 = bbdd
re p2 = bbbbaa
c——a<==b
E d;b
(0] a



Interaction
[((coa)>b)rd>(c>a)>b]

[d>(c>a)>b,d+((e>e)>a)>db]

b
c—»a? \b
c—»agb§

N

p1 = bbaaee
d?b
T = bbaacc c—a \b
o7
e—e—a
p2 = bbdd
re p2 = bbbbaa isaprefixof 7o p; =bbbbaaaaee
c——a<==b
E d}b
c a

ya
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Hide

e p1 = bbbbaaaaee
c—a<=b

e

d b
c—a §b
d

ex—=C—=4a

Justifiers are defined as in 7 and in p. If a move is justied by an hidden move, than follow
the justification arrow (dotted lines) until reach an unhidden move

[m]

=

Q>
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Hide

e p1 = bbbbaaaaee
c—a<=b

e

d b
c—a §b
d

ex—=C—=4a

B
T % py = bbaaee
c——a<==b

: d%b
=6 a

Justifiers are defined as in 7 and in p. If a move is justied by an hidden move, than follow
the justification arrow (dotted lines) until reach an unhidden move

[m]

=
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Theorem (Compositionality)
The composition of two WISs is a WIS.

Theorem

There is a one-to-one correspondence between the following sets:
the set of WISs over [F]|

the set of normal derivations of F in Natural deduction

the set of nB-normal (simply typed) A-terms (with pairs) of type F
the set of (cut-free) derivations of F in LI modulo =g

the set of morphisms of a (small) Cartesian Closed Category
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